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Abstract. We revisit the conserved quantities of the spin- 12 XY model with open
boundary conditions. In the absence of a transverse field, we find new families of local
charges and show that half of the seeming conservation laws are conserved only if the
number of sites is odd. In even chains the set of noninteracting charges is abelian,
like in the periodic case when the number of sites is odd. In odd chains the set is
doubled and becomes non-abelian, like in even periodic chains. The dependence of
the charges on the parity of the chain’s size undermines the common belief that the
thermodynamic limit of diagonal ensembles exists. We consider also the transverse-
field Ising chain, where the situation is more ordinary. The generalization to the XY
model in a transverse field is not straightforward and we propose a general framework
to carry out similar calculations. We conjecture the form of the bulk part of the local
charges and discuss the emergence of quasilocal conserved quantities. We provide
evidence that in a region of the parameter space there is a reduction of the number
of quasilocal conservation laws invariant under chain inversion. As a by-product, we
study a class of block-Toeplitz-plus-Hankel operators and identify the conditions that
their symbols satisfy in order to commute with a given block-Toeplitz.
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1. Introduction and the basics
The local and quasilocal conservation laws of a quantum many-body system play
a key role in the late time dynamics of local observables after a so-called global
quench [1, 2, 3, 4, 5] (see also [6] and references therein). This term is usually
used to refer to the non-equilibrium time evolution of the ground state of a local
Hamiltonian after an abrupt change of a global Hamiltonian parameter. Quite generally
in the thermodynamic limit the reduced density matrices of finite subsystems approach
stationary values. In the last ten years it has been realized [7, 8, 9, 10, 11] that the
stationary behavior can be described by effective stationary states determined only by
a tiny subset of the integrals of motion. In particular, it was shown that local integrals
of motion encode information that is not generally replaceable but becomes less and
less important the larger the range of the conservation law is [9]‡. Consequently, the
stationary properties of local observables distinguish between generic and integrable
models, having the latter infinitely many local conservation laws, instead of the few (if
not only the Hamiltonian) local conserved quantities that characterize generic models.
This situation results in instabilities in the stationary behavior of local observables
after global quenches in integrable models, where generic perturbations produce global
changes. With weak integrability breaking, dynamics occur on different timescales and
one can identify slow transitions, prethermalization [13, 14, 15, 16, 17, 18, 19, 20] or
pre-relaxation [21, 22], between globally different (quasi-stationary) states.
In [23] it was pointed out that this situation is not specific to global perturbations.
Any perturbation that spoils (or augments) a set of local conservation laws has what it
takes to activate transitions in non-equilibrium states. In particular, spatially localized
perturbations can drive crossovers between globally different states and, in turn, some
global properties of the state can be controlled by acting on a local part of the system.
Changing the boundary conditions from periodic (PBC) to open (OBC) is probably
the minimal local perturbation that is known [24, 25] to affect the set of the local
conservation laws in integrable models. A subset of the local conservation laws with
PBC are spoiled by the boundaries while the others are only deformed close to the edges,
remining undistinguishable in the bulk from the corresponding charges with PBC. In
addition, there can be quasilocal charges that zero in the bulk (edge modes).
From the perspective of [23], the basic question to answer is which are the local
conservation laws that survive the local defect, i.e. the boundary. It is indeed reasonable
to expect that these will be the quantities that characterize the stationary properties of
finite subsystems at infinitely large times after the quench.
Similarly to what happens in translation invariant systems [26], also in the
presence of boundaries the local charges can be formally obtained in the framework
of algebraic Bethe ansatz [27] as the derivatives of the logarithm of an appropriate
‡ Since in interacting models like the XXZ spin- 12 chain the set of the local conserved quantities does
not seem to be complete, this picture has been also extended to quasilocal conservation laws with a
finite typical range [12].
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transfer matrix [28]. This was used in [24] to deduce some general properties of the
local conservation laws, like invariance under chain inversion. However, to the best of
our knowledge, no necessary and sufficient condition for a conserved quantity in the bulk
has been established that guarantees the charge to “survive” the boundary in a spin
chain model. For example, taking into account the results of Ref. [24] for the quantum
XY model in a transverse field, chain inversion does not seem to be a sufficient condition
for the presence of a local charge. In fact, we will show that it is not even necessary.
The results of [24, 26] have been already revisited [29, 12] to take into account that
the standard representation of the transfer matrix is not generally sufficient to obtain all
the (quasi)local conservation laws. There are however also other reasons to reconsider
the problem of the conserved quantities in the quantum XY model in particular. First
of all, Ref. [21] exhibited new families of local charges in the XY model with PBC,
which could have counterparts in the OBC case. Second, while in interacting integrable
models the algebraic Bethe ansatz provides an elegant framework to investigate the local
conservation laws, surprisingly an analogous workbench in models that can be mapped to
noninteracting fermions with OBC has not yet been established (instead, in translation
invariant chains, convenient formalisms have been already proposed [21, 9, 30]). As a
result, the brute force search of Ref. [24] for the XY model appears less refined and
systematic than the transfer matrix formalism for interacting models.
The main goal of this paper is to provide a framework where to address the
construction of the local conservation laws in models with OBC that can be mapped to
noninteracting fermions but for which the Bethe ansatz formalism is not always effective.
In particular, we will study the local charges of the spin-1
2
XY model with open boundary
conditions, both in the finite and in the semi-infinite chain.
We use two different but somehow complementary approaches: a direct
method that relies on exact diagonalization, and a more abstract procedure that is
based on a correspondence between quadratic forms of noninteracting fermions and
Toeplitz+Hankel operators. Specifically, we show that the research of local charges
can be reduced to the construction of a particular class of block-Toeplitz-plus-Hankel
operators that commute with a given block-Toeplitz. The latter problem can be set in
a rather elegant way and we identify the conditions that are satisfied by the so-called
symbols of the block-Toeplitz-plus-Hankel operators of the local conserved quantities.
Our analysis reveals some subtleties that were originally overlooked. In particular,
we show that conservation laws with range odd are present only if the chain’s length
is odd. We also find new families of local conservation laws that break one-site shift
invariance in the bulk and even a family that is not invariant under chain inversion.
The final part of the paper is about the effects of a nonzero transverse field.
While this is little complication in the chain with PBC, it makes the problem much
more involved in the OBC case. We show that in the transverse-field Ising chain the
construction remains simple and chain inversion turns out to be a sufficient criterion to
identify all the local charges. On the other hand, the result is not easily generalizable to
the XY model in a transverse field, where one is forced to consider also the emergence
Quantum XY model with OBC 5
of quasilocal conserved quantities. In that case, we propose a conjecture about the form
of the bulk part of the local conservation laws and identify a curve in the parameter
space that separates a region with an Ising-like set of (quasi)local charges from a region
where there are less conserved quantities which are invariant under chain inversion.
1.1. Locality and quasilocality
The terminology that is commonly used to refer to the local properties of operators
acting on spin chains can be confusiong. We report here the definitions that will be
used in this paper.
We say that an operator O is ‘localized’ in a connected finite subsystem S if
O = TrS¯[O]⊗
IS¯
TrS¯[I]
(localized) , (1.1)
where S¯ is the complement of S. The range of O is the length of the smallest subsystem
for which the equality holds. Clearly, the class of localized operators is closed under
commutation.
The standard extension of the class (1.1) is given by the operators that can be
approximated by localized operators up to exponentially small corrections in the length
of the reference subsystem. Formally, one could define such operators as follows. Given
an infinite sequence of subsystems Sn ⊂ Sn+1 with increasing length |Sn| such that
limn→∞ Sn = Ω (Ω is the entire chain), we consider operators O such that
∀|S| > ξ,
‖ O − TrS¯[O]⊗ IS¯TrS¯ [I] ‖
‖ O ‖ ≤ e
−|S|/ξ (quasilocalized) , (1.2)
where ‖ · ‖ is the operator norm (the maximal eigenvalue, in absolute value) and ξ is a
finite length. We qualify these as ‘quasilocalized’ operators and call ‘typical range’ the
minimal length ξ for which it is possible to find a sequence Sn such that (1.2) holds.
We say that Q is local if, for any localized operator O, the commutator [Q,O] is
localized as well. Using this definition, a localized operator is also local. Analogously,
we call it quasilocal if the commutator with any quasilocalized operator is quasilocalized.
Clearly, a local operator is also quasilocal. Roughly speaking, a (quasi)local operator
is a linear combination of (quasi)localized operators. We warn the reader that in the
scientific literature there are alternative (weaker) definitions of quasilocality based on
the Hilbert-Schmidt norm [29].
Let Qi be conserved operators [H,Qi] = 0. Using the Jacobi’s identity one
can immediately show that the commutator of two (quasi)local conservation laws is
conserved and (quasi)local, being its commutator with any (quasi)localized operator a
combination of two nested commutators with the (quasi)local charges:
[[Q1, Q2],O] = [Q1, [Q2,O]]− [Q2, [Q1,O]] .
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1.2. The model
We consider the Hamiltonian of the spin-1
2
XY chain in a transverse field
H = −J
L−1∑
j=1
(1 + γ
4
σx` σ
x
`+1 +
1− γ
4
σy`σ
y
`+1
)
− Jh
2
L∑
j=1
σz` (1.3)
where σα` act like Pauli matrices on site ` and like the identity elsewhere; the constant
J is irrelevant to our purposes and will be chosen so as to ease the notations.
The model is exactly solvable [31] and, in its parameter space, includes the
transverse-field Ising chain (TFIC, |γ| = 1), which is a crucial paradigm for quantum
critical behavior, and the XX model (γ = 0), which corresponds to the noninteracting
limit of the XXZ Heisenberg spin-1
2
chain.
In the first part of the paper we will consider the case h = 0, which will be simply
referred to as “XY model”. The effects of a non-vanishing transverse field will be
addressed in the second part.
1.2.1. Symmetries. The XY model in a transverse field (1.3) is invariant under spin
flip about z, realized by the operator
Πz =
L∏
j=1
σzj . (1.4)
It is also invariant under chain inversion
R : σα` → σαL+1−` ,
with α ∈ {x, y, z}. In addition, the transformation ∏b(L+1)/2cj=1 σx2j−1∏bL/2cj=1 σy2j§ maps
the Hamiltonian in minus itself, and hence maps the set of the charges in itself.
Without loss of generality, we can assume γ ≥ 0: the sign of γ can be changed by
a rotation about z. Analogously, we can assume h ≥ 0, indeed Πx = ∏Lj=1 σxj reverses
the sign of h.
XY model (h = 0). In the absence of a transverse field, γ can be chosen to be smaller
than 1. This is related to the transformation V x =
∏bL/2c
j=1 σ
x
2n: V
x changes the sign of
the coupling constant in the y direction, which results in the same Hamiltonian, with
the parameters transformed as J → Jγ and γ → γ−1
−J
L−1∑
j=1
1 + γ
4
σx` σ
x
`+1 +
γ − 1
4
σy`σ
y
`+1 = −(Jγ)
L−1∑
j=1
1 + γ−1
4
σx` σ
x
`+1 +
1− γ−1
4
σy`σ
y
`+1 .
Thus, we will generally assume 0 < γ < 1 (the case γ = 1 is not very interesting since
it corresponds to the classical Ising model). Besides spin flip about z, the Hamiltonian
is also invariant under spin flip about x and y, realized by the operators
Πx(y) =
L∏
j=1
σ
x(y)
j .
§ We use the symbol bmc to indicate the largest integer smaller than or equal to m.
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1.2.2. Fermion representation. The Hamiltonian (1.3) can be mapped to a quadratic
form of fermions by a Jordan-Wigner transformation. In particular we can write
H =
1
4
2L∑
j,`=1
ajHj`a` . (1.5)
where aj are the Majorana fermions
a2`−1 = ax` =
`−1∏
j=1
σzjσ
x
` a2` = a
y
` =
`−1∏
j=1
σzjσ
y
` , (1.6)
satisfying the algebra {a`, an} = 2δ`n. Under chain inversion and spin flip the Majorana
fermions transform as follows:
Ra`R = (−1)`+1iΠza2L+1−`
Πxa`Π
x = (−1)d `−12 ea`
Πya`Π
y = (−1)d `+12 ea`
Πza`Π
z = −a` .
The matrix H is Hermitian and purely imaginary block-Toeplitz with 2-by-2 blocks(
H2`−1,2n−1 H2`−1,2n
H2`,2n−1 H2`,2n
)
= J
(
δn,`+1
σy + iγσx
2
+ δ`,n+1
σy − iγσx
2
− hσyδ`n
)
.(1.7)
The eigenstates and eigenvalues of H (1.3) can be obtained from the eigenvalues and
eigenvectors of H (1.5) as follows. Being H a purely imaginary skew-symmetric matrix,
the eigenvalues come in pairs with opposite sign and an orthogonal transformation R
brings the matrix to block-diagonal form
H = RE ⊗ σyRt .
Here E is a diagonal matrix with nonnegative diagonal elements εi. As a consequence,
a unitary transformation that diagonalizes H (H = UE ⊗ σzU †) is given by(
Uj,2i−1
Uj,2i
)
=
1√
2
[ei
pi
4 I + e−i
pi
4 σx]
(
Rj,2i−1
Rj,2i
)
.
From this equation it follows that Uj,2i = U∗j,2i−1. Using that U is unitary one can check
that the operators
b†i =
1√
2
∑
j
ajUj,2i−1 bi = 1√
2
∑
j
ajUj,2i (1.8)
satisfy the fermion anticommutation relations
{b†i , bj} = δij {b†i , b†j} = {bi, bj} = 0 .
In addition, the commutator with the Hamiltonian reads
[H, b†i ] =
1
4
√
2
L∑
j,`,n=1
Hj`Un,2i−1[aja`, an] = 1√
2
∑
j
aj[UE ⊗ σz]j,2i−1 = εib†i .
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Observing that the Hamiltonian is traceless, this implies
H =
∑
i
εi
(
b†ibi −
1
2
)
. (1.9)
In other words, the nonnegative eigenvalues of H are the excitation energies of H and
the fermions that diagonalize H can be reconstructed from the eigenvectors of H by
means of (1.8). Thus, one can focus on the eigenvalue problem
H~Ui = εi ~Ui , (1.10)
with [~Ui]j = Uji.
The representation (1.5) is also useful to address the problem of the local conserved
quantities. One can easily show[1
4
2L∑
j,`=1
(ajAj`a`), 1
4
2L∑
j,`=1
(ajBj`a`)
]
=
1
4
2L∑
j,`=1
aj[A,B]j`a` ,
which implies that the quadratic forms of fermions Q that commute with H must be
characterized by matrices Q that commute with H
[H,Q] = 0⇒ [H,Q] = 0 .
Locality is equivalent to ask forQ having only a finite number of diagonals different from
zero (around the main diagonal); analogously, quasilocality means that the elements
decay exponentially fast with the difference between row and column indices. We warn
the reader that the local conservation laws do not need to take the form (1.9) when the
dispersion relation is degenerate (εi = εj for some i 6= j) [21]. In addition, generally
there can be also (quasi)local conservation laws which are not quadratic in the fermions,
but this seems to happen only when the dispersion relation has exceptional symmetries.
In conclusion, the mapping Q→ Q allows to reduce the complexity of the problem
exponentially (in the system size). However, we point out that without any further
simplification the problem would be still unsolvable.
Organization of the paper
The rest of the paper is organized as follows. In Section 2 we present our main results
for the semi-infinite chain. Sections 3 and 4 are focussed on the XY model without
transverse field: the excitations are reported in section 3 and the local conservation
laws are constructed in section 4. The reader who is not interested in the details of this
exceptional case can jump directly to section 5. Section 5 introduces a general formalism
to determine the local conservation laws of quadratic Hamiltonians with open boundary
conditions. The approach is explicitly applied to the transverse-field Ising chain. We
also report a preliminary study of the conservation laws of the quantum XY model in
a transverse field and conjecture the form of their bulk part. Section 6 collects some
conclusive remarks. The main text is followed by two appendices. In Appendix A
there is a proof of the conditions that block-Toeplit-plus-Hankel operators satisfy in
order to commute with a block-Toeplitz. In Appendix B we report some details of the
diagonalization of the model.
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Model Family Toeplitz symbol qˆT (e
ik) Hankel symbol qˆH(e
ik)
XY(h = 0)
I
+bond(e)
j cos(jk)εkσ
xe−i
k
2
σz ⊗ σye−iθkσz ei(j−
1
2 )k
2
εk(σ
x ⊗ σy)eiθkσz⊗σz
J
+bond(e)
j cos(jk)εkσ
ye−i
k
2
σz ⊗ σxe−iθkσz ei(j−
1
2 )k
2
εk(σ
y ⊗ σx)eiθkσz⊗σz
W
−site(o)
j cos(jk)εk(σ
ye−i
k
2
σz ⊗ σz)e−iθkσz⊗σz ei(j−
1
2 )k
2
εkσ
y ⊗ (σzeiθkσz)
W
+site(o)
j cos(jk)εk[εkI⊗ σye−iθkσz ]e−iθkσz⊗σz e
i(j− 12 )k
2
ε2ke
i k
2
σz ⊗ σy
[XX (γ = 0)] Sz cos(k
2
)εkI⊗ σye−iθkσz
TFIC (γ = 1)
I+j cos(jk)[(cos k − h)σy + sin kσx] e
i(j−1)k
2
σy(eik − h)
Table 1. Local conservation laws that are nonzero in the bulk. The dispersion relation
is εk = (cos
2 k
2 + γ
2 sin2 k2 )
1/2 and the Bogoliubov angle eiθk = (cos k2 + iγ sin
k
2 )/εk.
2. Summary and discussion of the results
In this section we report the expressions of the local and quasilocal conservation laws
in the semi-infinite XY chain with h = 0 or γ = 1 and a conjecture about the form of
the bulk part of the local charges for generic h and γ. We also present a mathematical
framework that allows one to search for the local charges without relying on the exact
diagonalization of the model.
2.1. Local conservation laws
The local conservation laws that are nonzero in the bulk have the form
Q =
1
4
∞∑
n,m=1
anQnmam . (2.1)
Here Q is a block-Toeplitz-plus-Hankel operator with elements
[Q]2κ`+j,2κ`′+j′ =
∫ pi
−pi
dk
2pi
e−i(`−`
′)k[qˆT,κ(e
ik)]jj′ −
∫ pi
−pi
dk
2pi
e−i(`
′+`+1)k[qˆH,κ(e
ik)]jj′ (2.2)
where 0 ≤ `, `′ <∞, 1 ≤ j, j′ ≤ 2κ and κ is an arbitrary positive integer that represents
the number of the chain sites that are formally associated with a single block. The two
matrix functions qˆT,κ(e
ik) and qˆH,κ(e
ik) are the symbols of the Toeplitz and of the Hankel
part, respectively. The block-Toeplitz part is reminiscent of the structure of the charges
in the infinite chain and the block-Hankel part is used to parametrize the boundary term
(as long as the boundary term is localized this ansatz is not at all restrictive). According
to the picture presented at the end of section 1.2.2, the symbols associated with local
operators have a finite number of nonzero Fourier coefficients. The explicit values of
the symbols for the XY model (h = 0) and for the transverse-field Ising chain (γ = 1)
are reported in table 1‖. For h = 0 the symbols displayed are 4-by-4 matrices (κ = 2),
‖ Ref. [21] defined the phase in the Toeplitz part with the opposite sign (i.e. k → −k).
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Model Extinct family Toeplitz symbol
XY(h = 0)
I
−bond(e)
j sin(jk)I⊗ I
J
−bond(e)
j sin(jk)σ
z ⊗ σz
W˜
−site(o)
j sin((j − 12)k)εk(σxe−i
k
2
σz ⊗ I)e−iθkσz⊗σz
W˜
+site(o)
j sin((j − 12)k)εk[εkσz ⊗ σxe−iθkσ
z
]e−iθkσ
z⊗σz
TFIC (γ = 1)
I−j sin(jk)I
Table 2. Local conservation laws of the periodic chain that become extinct. The
notations are the same as in table 1.
whereas for γ = 1 they are 2-by-2 (κ = 1). Up to boundary terms, the corresponding
conservation laws are two-site shift invariant. The notations for the families of charges
manifest their transformation rules in the bulk:
- Letter I (J) denotes evenness (oddness) under a one-site shift; letter W is instead
associated with charges that do not transform well under a shift by one site.
- Attribute +bond/site stands for reflection symmetry about a bond or a site; −bond/site
is instead oddness under the same reflections; if bond/site is not indicated, the
property refers to both cases.
- Attributes (e) and (o) denote evenness and oddness, respectively, under spin flip
about x.
We point out that the Hamiltonian is given by H = I
+(e)
0 , for which the symbol of
the Hankel part can be redefined to be zero (only the analytic part of 1
z
qˆH,κ(z) gives a
nonzero contribution in (2.2)).
Let us focus on the bulk properties of the local charges. The presence of conservation
laws (W ) for which it is not possible to find linear combinations that transform well
under a shift by one site is a specific property of the chain with open boundary
conditions: unexpectedly, the boundary is sufficient to induce the breaking of one-
site shift invariance. However, we note that in the isotropic limit (the XX model,
γ = 0) also the families W have definite parity under a shift by one site: in particular
W
−site(o)
j → J−site(o)j and W+site(o)j → I+site(o)j . Moreover, for γ = 0 there is an additional
charge: the total spin in the z direction (but the conservation law that is quasilocalized
at the boundary is absent, cf. section 2.3).
In table 2 we report the local conservation laws of the chain with periodic boundary
conditions that do not have counterparts in the chain with open boundary conditions.
In a quench setup, the extinct charges represent the global information from the bulk
that the boundary is able to destroy (at infinite times).
For the quantum XY model in a transverse field, we have derived the explicit
expression of a few of the most local conservation laws which are invariant under chain
inversion and inferred from that the form of the bulk part of a generic local conserved
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quantity which is invariant under chain inversion. Our conjecture for the symbol of the
Toeplitz part reads as
qˆj;T,1(e
ik) =
(
cos k +
h
γ2 − 1
)2j
eˆT,1(k) , (2.3)
where eˆT,1(k) is the symbol of the Hamiltonian
eˆT,1(e
ik) = (cos k − h)σy + γ sin kσx . (2.4)
In practice this means that the charges with OBC are in relation to the charges with
PBC that have the form
Q
(PBC)
j =
∫ pi
−pi
dk
2pi
(
cos k +
h
γ2 − 1
)2j
ε(k)b†kbk , (2.5)
where ε(k) is the dispersion relation and b†k are the Boboliubov fermions that diagonalize
the model {bp, b†k} = 2piδ(k − p). We point out that the absence of odd powers
of cosq(k) = cos k + q, with q = h/(γ
2 − 1), is indicative of the model having a
reduced number of local conservation laws (invariant under chain inversion) but does
not necessarily imply that the charges corresponding to odd powers are spoiled by the
boundary. For example, for h > |γ2 − 1| we find (section 5.4) that the apparently
missing charges are in fact conserved if one allows for a quasilocalized boundary part; in
addition, they are not linearly independent of (2.3). For h < |γ2−1| the missing charges
are instead linearly independent. Although our analytic analysis is not sufficient to rule
out the possibility that they might correspond to conservation laws with a quasilocalized
contribution at the boundary, in section 5.5 we provide some numerical evidence that
this should not be the case.
We point out that the curve h = |γ2 − 1| was shown [32] to correspond to a far-
from-equilibrium quantum phase transition in the open¶ XY chain where the density
matrix evolves according to a Lindblad master equation and the Lindblad operators act
only on the boundaries.
Although we have not investigated the presence of conservation laws that are odd
under chain inversion, we point out that for h < |γ2 − 1| there are indirect evidences of
their presence.
2.2. Generalization: a lemma for block-Topelitz-plus-Hankel operators
The symbols of block-Toeplitz-plus-Hankel operators (2.2) associated with local
Hermitian quadratic forms of fermions satisfy the following properties (when there is
ambiguity, the argument of the functions can be assumed to be real):
- a finite n exists such that znqˆT,κ(z) and qˆH,κ(z) are matrix polynomials;
- qˆT,κ(z) = −qˆ∗T,κ(z) = −qˆtT,κ(1/z);
- qˆH,κ(z) = −qˆ∗H,κ(z) = −qtH,κ(z).
¶ The attribute “open” is used here to indicate that the system is coupled with a bath.
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In addition, one can always assume qˆH(0) = 0 (cf. (2.2)). We note that the range
of the operator is proportional to the (maximal) degree of the polynomials and to the
block’s size κ. Therefore, increasing κ the degree of the polynomials decreases and for
κ large enough the symbols become linear in z (and in 1/z, for the Toeplitz part). It is
convenient to introduce the notation
qˆT,κ(z) = qˆ
+
T,κ(z) + qˆ
0
T,κ + qˆ
−
T,κ(1/z) ,
where qˆ±T,κ(z) are polynomials in z with no constant term (qˆ
±
T,κ(0) = 0). From the
previous relations it follows
[qˆ0T,κ]
t = −qˆ0T,κ
[qˆ+T,κ]
t(z) = −qˆ−T,κ(z) .
In the following, if d
2
dz2
qˆ±T,κ(z) = 0, with an abuse of notation we will write qˆ
±
T,κ(z) = zqˆ
±
T,κ.
Imposing vanishing commutator with the Toeplitz operator associated with the
Hamiltonian, we find that the symbols of the local charges must satisfy the following
conditions (see Appendix A):
[eˆT,κ(z), qˆT,κ(z)] = 0
∂2
∂z2
[
eˆT,κ(z)qˆH,κ(z)− qˆH,κ(z)eˆT,κ(1/z)
]
=
[
qˆ+
′′
T,κ(0)− 2qˆ′H,κ(0)
]
eˆ−T,κ
∂2
∂z2
[
qˆ+T,κ(z)
z
− qˆH,κ(z)
]
eˆ−T,κ = 0[
qˆ+
′′
T,κ(0)− 2qˆ′H,κ(0)
]
eˆ−T,κ is antisymmetric
qˆ+
′
T,κ(0)eˆ
−
T,κ +
1
2
qˆ
′′
H,κ(0)eˆ
+
T,κ + qˆ
′
H,κ(0)eˆ
0
T,κ is symmetric .
(2.6)
where we assumed that κ is large enough so that d
2
dz2
eˆ+T,κ(z) = 0. For the symbol of the
XY Hamiltonian this condition is already satisfied for κ = 1.
Some properties of the solutions of (2.6) will be analyzed in section 5. In principle
the identification of all the local conservation laws requires the solution of the problem for
generic κ. However, in the simplest cases only the smallest values of κ give independent
solutions. Our analysis evinces the following:
- In the XY model (h = 0), setting κ = 2 is sufficient to obtain all the solutions;
- In the transverse-field Ising chain (γ = 1), one can choose κ = 1;
- In the XY model in a transverse field (h 6= 0 and γ 6= 1), we do not find an
infinite number of solutions at fixed κ (at least analyzing the smallest values of κ).
This manifests a weakness in the Hankel structure that we are imposing, which
is not effective in capturing the symmetries of the boundary part of the charges.
Nevertheless, in section 5.4 we propose a conjecture for the symbol of the Toeplitz
part of the charges that are invariant under chain inversion (cf. (2.3)).
Remarkably, using reflection symmetry, in section 5.1 we show that, at fixed κ, almost
any solution of (2.6) is also solution of the following simplified system of equations:
[eˆT,κ(z), qˆT,κ(z)] = 0(
1
z
qˆ+T,κ(z)− qˆH,κ(z)
)
eˆ−T,κ = 0[
eˆT,κ(z), qˆH,κ(z)Σ
x
κ ⊗ σy
]
= 0 ,
(2.7)
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where Σxκ is the κ-by-κ exchange matrix [Σ
x
κ]ij = δi+j,κ+1.
2.3. Quasilocalized conserved quantities
In the ferromagnetic phase of the XY model in a transverse field (|h| < 1 and γ 6= 0)
there is a conserved Majorana fermion BL quasilocalized at the boundary [33]. With
zero transverse field this is given by
BL =
√
2 sinh(2α)
∞∑
n=1
(−1)ne−(2n−1)α
∏
j<2n−1
σzj σ
x
2n−1 (h = 0) . (2.8)
In the transverse-field Ising model it reads as
BL =
√
1− h2
∞∑
n=1
hn−1
∏
j<n
σzj σ
x
n (γ = 1) . (2.9)
More generally, in the quantum XY model in a transverse field it is given by
BL =
√
γ(1− h2)
ζ
∞∑
n=1
[(1− γ
h+ ζ
)n
−
(1− γ
h− ζ
)n]∏
j<n
σzj σ
x
n , (2.10)
where ζ =
√
h2 + γ2 − 1. The privileged direction xˆ comes from having considered γ
positive (in particular, the ground state of the model is ferromagnetic along x). Apart
from being quasilocalized at the boundary, this conservation law has the peculiarity of
anticommuting with Πz.
General formalism. When there is a boundary bound state, the resulting quasilocalized
conserved quantity corresponds to an eigenvector with zero eigenvalue of the block-
Toeplitz operator H (1.7).
We use a minimal ansatz and seek for a solution of the form
[~V ]2κ`+j = [e−W`~v]j j = 1, . . . , 2κ , ` = 0, 1, . . .
where quasilocality implies that the eigenvalues of W have strictly positive real part. If
we apply H to this vector and impose that the eigenvalue is zero, after integration in
the complex plane we obtain
(eˆ−T,κeˆ
−W + eˆ0T,κ)~v = 0
(eˆ−T,κe
−W + eˆ0T,κ + eˆ
+
T,κe
W )e−`W~v = 0 ∀(N 3)` ≥ 1 (2.11)
In particular, this system has a solution if ~v is an eigenstate of e−W and is in the kernel
of eˆT,κ(e
w), where eW~v = ew~v (Re[w] > 0). We then obtain
eˆ+T,κ~vw = 0
eˆT,κ(e
w)~vw = 0 . (2.12)
Both for γ = 0 (2.8) and in the transverse-field Ising chain (γ = 1) (2.9), the
quasilocalized conserved quantity associated with the bound state is the solution of
(2.12) for κ = 2 and κ = 1, respectively. The XY model in a transverse field is slightly
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more complicated. Indeed, for κ = 2, the first equation of (2.12) is not solved by the
vector in the kernel of eˆT,κ(e
w) (for the particular values of w for which the equation
has a solution). In similar situations one must consider a generic linear combination of
the vectors ~vwi satisfying the second equation of (2.12)
~v =
∑
i=1
ci~vwi .
Imposing the first equation of (2.11)
eˆ+T,κ
∑
i=1
cie
wi~vwi = 0
one finally obtains
[~V ]2κ`+j =
∑
i=1
cie
−wi`[~vwi ]j .
Inspecting (2.10), the reader can realize that the quasilocalized conserved quantity in
the XY model in a transverse field displays this slightly more complicated structure.
2.4. Remarks
We would like to emphasize some strengths and weaknesses of (2.6) (especially in the
simplified version (2.7)) and (2.11). We started with a Hamiltonian of a quantum many-
body system. The mapping to noninteracting fermions allowed to reduce the complexity
of the problem exponentially but, in fact, in the thermodynamic limit we still had to
work with operators. Nevertheless, the systems of equations that we presented are
written in terms of finite matrix functions and can be solved systematically, varying
the block’s size κ if necessary. In addition, there is a standard way (see section 5) to
generate infinitely many solutions associated with conserved quantities with increasing
range from a given solution of the simplified system of equations (2.7).
Although the equations have been derived assuming locality, one can relax locality
into quasilocality by replacing the assumption that the symbols are polynomials of
z = eik and 1/z with analyticity in the unit circle.
A weakness of (2.6) is in the implicit assumption that the boundary term has Hankel
structure. If this is not the case, the block’s size κ associated with the conservation law
will be at least equal to the range of the boundary term. This means that one is
forced to solve the system for arbitrary κ, reducing the effectiveness of the approach
(see section 5.4).
The worst scenario is the presence of conservation laws that are quasilocal in the
bulk and have unstructured boundary terms: without further manipulations, these
solutions are likely to be missed.
Figure 1 depicts our current understanding of the quasilocal charges of the quantum
XY model in a transverse field with OBC as a function of the Hamiltonian parameters.
We expect that the structure of the charges depends only on the ratio q = h
γ2−1 and,
for |q| < 1, the smaller |q| is and the smaller the set of quasilocal conserved quantities.
This rule has the exceptions q = 0, where the set of local charges doubles because the
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Figure 1. Cartoon of the quasilocal conservation laws that we identified in the
quantum XY model in a transverse field. The light gray region corresponds to
the “standard” situation where any reflection symmetric charge of the infinite chain
survives a (free) boundary. The region becomes darker as the number of charges
is reduced and black means that we found only half of the expected number of
conservation laws. The white thick line for h = 0 indicates the presence of non-
commuting charges and that, in turn, the set is practically two times as large as in
the “standard” case. The dashed lines indicate the (conformal) critical regions (yellow
means central charge c = 1 and blue c = 12 ) and the dotted circle is another relevant
curve of the phase diagram.
model becomes non-abelian integrable [21], and γ = 0, where the situation is analogous
to |q| > 1.
3. Excitations for h = 0
Following [31], the Hamiltonian of the XY model with open boundary conditions was
diagonalized in [34]. For h = 0 we detail the solution of the model in Appendix B.1.
The reader interested also in the diagonalization of the transverse-field Ising chain and
of the quantum XY model in a transverse field can find some details in Appendix B.2
and Appendix B.3, respectively. Incidentally, we are not aware of any work where the
quantum XY model in a transverse field with OBC is diagonalized properly.
By means of (1.8), the excitations of the model follow directly from the eigenvectors
of H (1.7), which for h = 0 are computed in Appendix B.1 and given by (B.6). We have
identified two families of creation operators. We use a subscript ± to refer to the one
or to the other.
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R Πx Πy Πz
even chain
b†s(φ) −(−1)[φ]Πzb†s(φ) sb†s(φ) −sb†s(φ) −b†s(φ)
ns(φ) ≡ b†s(φ)bs(φ) ns(φ) ns(φ) ns(φ) ns(φ)
odd chain
b˜†s(φ) −(−1)[φ]Πz b˜†−s(φ) sb˜†s(φ) −sb˜†s(φ) −b˜†s(φ)
n˜s(φ) ≡ b˜†s(φ)b˜s(φ) n˜−s(φ) n˜s(φ) n˜s(φ) n˜s(φ)
ws(φ) ≡ ei 1−s2 pi2 b˜†+(φ)b˜−(φ)+h.c. sw˜s(φ) −ws(φ) −ws(φ) ws(φ)
Table 3. Transformation of the excitations and of the elementary conserved quantities
of the XY model (h = 0) under chain inversion R and spin flip symmetry Πα about
axis α ∈ {x, y, z}. Index s = ±1 identifies the family of excitations. Integer [φ] is
defined just below (B.11).
3.1. Even chain
The excitations are given by (cf. (1.6))
b†+(φ) =
L/2∑
n=1
[sin(nφ)e−α + sin((n− 1)φ)eα] ax2n−1 + iε(ϕ) sin(nφ)ay2n√
(L+ 1)ε2(ϕ)− 2 sinh(2α) (3.1)
b†−(φ) =
L/2∑
n=1
[sin(nφ)eα + sin((n− 1)φ)e−α] ay2n−1 − iε(ϕ) sin(nφ−)ax2n√
(L+ 1)ε2(ϕ) + 2 sinh(2α)
, (3.2)
where α = arctanhγ (B.1) and the pseudomomenta φ satisfy the quantization conditions
ei(L+1)φ =
cosh(α± iφ
2
)
cosh(α∓ iφ
2
)
. (3.3)
The corresponding excitation energies are
ε(φ) = 2
√
cos2
φ
2
+ sinh2 α . (3.4)
Since the pseudomomenta associated with the two types of excitations are different,
their energy is non-degenerate. From the excitations we can construct the conserved
occupation numbers ns(φ) = b
†
s(φ)bs(φ).
Table 3 shows the transformation rules for the excitations and for the occupation
numbers under the symmetry transformations of the Hamiltonian.
Bound state. As shown in Appendix B.1, the first family of excitations includes a bound
state with a complex pseudomomentum (B.10) (φ = pi + 2iα − O(e−2Lα)). Its energy
vanishes exponentially in the thermodynamic limit and is approximately given by
εB ∼ 2 sinh(2α)e−(L+1)α .
Let us define the Majorana fermions
BL = b†+(pi + 2iα
−) + b+(pi + 2iα−) (3.5)
BR = i[b+(pi + 2iα
−)− b†+(pi + 2iα−)] , (3.6)
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which satisfy the algebra
i[H,BL,R] = εBB
R,L .
It turns out that BL is quasilocalized around the left boundary and, for large L, reads
BL ∼
√
2 sinh(2α)
L/2∑
n=1
(−1)ne−(2n−1)αax2n−1 (3.7)
which in the spin representation becomes
BL ∼
√
2 sinh(2α)
L/2∑
n=1
(−1)ne−(2n−1)α
∏
j<2n−1
σzj σ
x
2n−1 .
Analogously, we have
BR ∼
√
2 sinh(2α)
L/2∑
n=1
(−1)ne−(L−2n+1)αay2n . (3.8)
There is a subtlety related to the nonlocality of the Jordan-Wigner transformation. The
Majorana fermion BR is nonlocal in the spin representation:
BR ∼
√
2 sinh(2α)
L/2∑
n=1
(−1)ne−(L−2n+1)α
∏
j<2n
σzj σ
y
2n .
In fact, this kind of nonlocality can be easily cured by applying the spin-flip operator
Πz (1.4). We can indeed define the Majorana fermion
B¯R = iΠzBR ∼
√
2 sinh(2α)
L/2∑
n=1
(−1)ne−(L−2n+1)ασx2n
∏
j>2n
σzj
which is instead quasilocalized at the right boundary. We point out that B¯R commutes
with BL, as one would expect for operators that act nontrivially far away from each
other. In fact, it also commutes with all the other excitations.
3.2. Odd chain
If L is odd, there are still two families of excitations but, in both cases, the
pseudomomenta have the same quantization rules. In a particular basis, the excitations
read
b˜†+(φ) =
(L+1)/2∑
n=1
[sin(nφ)e−α + sin((n− 1)φ)eα] ax2n−1√
L+ 1ε(φ)
+ i
(L−1)/2∑
n=1
sin(nφ)ay2n√
L+ 1
b˜†−(φ) =
(L+1)/2∑
n=1
i
[sin(nφ)eα + sin((n− 1)φ)e−α] ay2n−1√
L+ 1ε(φ)
+
(L−1)/2∑
n=1
sin(nφ)ax2n√
L+ 1
, (3.9)
where the pseudomomenta φ are quantized according to
φ =
2pin
L+ 1
n = 1, . . . ,
L− 1
2
, (3.10)
Quantum XY model with OBC 18
for the real solutions, and
φ = pi + 2iα ,
for the bound state.
The excitation energy ε(φ) has the same functional form as in the even case (3.4).
Having the two families of excitations identical quantization conditions, b†+(φ) and b
†
−(φ)
have the same energy and can be mixed(
b˜†+(φ)
b˜†−(φ)
)
→ U
(
b˜†+(φ)
b˜†−(φ)
)
,
where U is an arbitrary 2-by-2 unitary matrix. Thus, the occupation numbers in a
generic basis are linear combinations of
n˜±(φ) = b˜
†
±(φ)b˜±(φ)
w+(φ) = b˜
†
+(φ)b˜−(φ) + b˜
†
−(φ)b˜+(φ)
w−(φ) = i(b˜
†
+(φ)b˜−(φ)− b˜†−(φ)b˜+(φ)) . (3.11)
In table 3 we report the transformation rules for the excitations and for the elementary
conserved quantities.
Bound state. The bound state has exactly zero energy. We find the exactly conserved
Majorana fermions
BL =
√
sinh(2α)
sinh(α(L+ 1))
eα
L+1
2
(L+1)/2∑
n=1
(−1)ne−(2n−1)αax2n−1
BR =
√
sinh(2α)
sinh(α(L+ 1))
eα
L+1
2
(L+1)/2∑
n=1
(−1)ne−(L+2−2n)αay2n−1 . (3.12)
Again, BL and B¯R = iΠzBR are quasilocalized around the left and right boundaries,
respectively.
4. Local charges for h = 0: direct approach
Not any local or quasilocal conservation law has a finite volume analogue. This is
related to the fact that finite and infinite chains can have different symmetries and in
the thermodynamic limit additional (quasi)local conservation laws can emerge. In this
section we will consider finite chains and identify the charges that remain local in the
thermodynamic limit. With the aim of being didactic, we will follow a direct approach
that allows one to easily identify the various families of local conserved quantities. In the
simplest (and more standard) cases we will construct the charges explicitly. Otherwise,
we will rely on the systematic procedure described in the following.
As pointed out in Ref. [24], a local conservation law Q can be written as the sum
of a bulk term, which has the same density of a local charge in the infinite chain, and
two boundary terms, which are localized around the left and the right boundaries.
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Incidentally, the bulk part can also vanish; in that case the conserved quantity is
(quasi)localized at the boundaries. Assuming that the boundary parts have a finite
range, the conservation laws of the finite chain can be determined as follows:
(i) The structure of the candidate local conservation law is identified in the finite chain.
(ii) Since the Hamiltonian is invariant under chain inversion, the chain-reversed
conservation law is either itself (up to the sign) or another local charge. Such
transformation rules are determined in the finite chain.
(iii) Being the conservation law local, the left boundary term and the bulk part of the
conservation law can be worked out in the thermodynamic limit.
(iv) The right boundary term is the left boundary term of the chain-reversed
conservation law, which corresponds to the same or to an other local charge of
the semi-infinite chain.
(v) The conservation law in the finite chain can then be reconstructed.
We would like to point out two reasons why it is worth considering finite systems:
- In the thermodynamic limit it is much more difficult to gain a perception of the
“completeness” of the set of conservation laws that one tries and construct.
- The stationary properties of observables after global quenches are sometimes
extracted from diagonal ensembles, which correspond to infinite time averages
in finite chains in the limit of infinite chain’s length L. If there are families of
(quasi)local conservation laws that depend nontrivially on L, the diagonal ensemble
is ill-defined and such descriptions can not be used, unless the structure of the
conservation laws for finite L is clearly known.
4.1. Even chain
When L is even, the different quantization rules for the two families of excitations
(3.1) and (3.2) result in non-degenerate excitation energies. As a consequence, among
the noninteracting operators, only linear combinations of the occupation numbers are
conserved. The occupations numbers
n±(φ)− 1
2
=
1
2
(b†±(φ)− b±(φ))(b†±(φ) + b±(φ)) ,
here shifted by a constant, are generally nonlocal operators. An exception is given by
Cb = Π
z(2n+(pi + 2iα
−)− 1) = iB¯RBL , (4.1)
which is quasilocalized around the boundaries and can be interpreted as a quasilocal
conservation law for the spin Hamiltonian with the two boundaries wrapped so as to be
close to each other.
We now work out the local conservation laws (with range independent of L). The
general procedure is to consider a sum of the form
Q±f =
∑
φ
f(φ)(n±(φ)− 1/2)
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and choose f so that the orthogonality relations (B.14)(B.15) bound the range of the
operator from above. More explicitly we have
Qf =
1
2
∑
φ
f(φ)(b†±(φ)− b±(φ))(b†±(φ) + b±(φ))
= ±2i
∑
φ
f(φ)
ε(ϕ)
L/2∑
`,n=1
sin(nφ) [sin(`φ)e∓α + sin((`− 1)φ)e±α] ay(x)2n ax(y)2`−1
L+ 1∓ 2 sinh(2α)
ε2(ϕ)
. (4.2)
We can already notice that the range of the operator is always even, that is to say, no
(quadratic) operator with odd range can be exactly conserved.
Since the occupation numbers are invariant under chain inversion, we can rewrite
the operator as
Q±f = C
±
f +RC
±
f R+M
±
f (4.3)
with
C±f = ±2i
∑
φ
f(φ)
ε(ϕ)
L/2−1∑
`,n=1
`+n≤L2
sin(nφ) [sin(`φ)e∓α + sin((`− 1)φ)e±α] ay(x)2n ax(y)2`−1
L+ 1∓ 2 sinh(2α)
ε2(ϕ)
,
M±f = ±2i
∑
φ,`
f(φ)
ε(ϕ)
sin((L
2
+ 1− `)φ) [sin(`φ)e∓α + sin((`− 1)φ)e±α] ay(x)L+1−2`ax(y)2`−1
L+ 1∓ 2 sinh(2α)
ε2(ϕ)
.
We report here for convenience the orthogonality relation (B.14):∑
φ(s)
sin(`φ) sin(nφ)
L+ 1− 2s sinh(2α)
ε2(φ)
=
1
4
δ`n . (4.4)
This is the basic ingredient to determine the local conservation laws. In particular,
comparing (4.4) with C±j and M
±
f , we easily deduce that the operators are local when
fj(φ) = ε(φ) cos(jφ). This can be seen as follows. Let us focus on Cfj
C±fj = ±2i
∑
φ
L/2−1∑
`,n=1
`+n≤L2
cos(jφ) sin(nφ) [sin(`φ)e∓α + sin((`− 1)φ)e±α] ay(x)2n ax(y)2`−1
L+ 1∓ 2 sinh(2α)
ε2(ϕ)
.
If ` ≤ n, we can use the Prosthaphaeresis formula for cos(jφ) sin(`φ) and cos(jφ) sin((`−
1)φ), whereas for n < ` we can use the transformation for cos(jφ) sin(nφ). In this way,
if j ≤ L
4
, the arguments of the sin’s are always of the form mφ, with m smaller than or
equal to L
2
, as required in (4.4). Thus, the difference between ` and n is constrained to
be smaller or equal to j, which in turn determines the range of the operator. The same
argument applies to M±fj , proving that Qfj is local. Let us work out it explicitly. At
fixed j, we consider L large enough that there is no contribution from the terms that
are nonzero only if j is comparable with L. We obtain
C±fj = ±
i
4
L/2−1∑
`,n=1
`+n≤L2
(δ`−n,j + δ`−n,−j − δ`+n,j)(e∓αay(x)2n ax(y)2`−1 + e±αay(x)2n ax(y)2`+1) (4.5)
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The contribution from M±fj consists of a few operators localized around half chain with
range ∼ 2j and has the same form of the terms that, in the previous expression, depend
on the difference of indices. This results in
Q±fj = ±
ie∓α
4
L
2
−j∑
`=1
a
y(x)
2` a
x(y)
2`+2j−1 − ax(y)2`−1ay(x)2`+2j ±
ie±α
4
L
2
−j−1∑
`=1
a
y(x)
2` a
x(y)
2`+2j+1 − ax(y)2`+1ay(x)2`+2j
∓ i
4
j−1∑
`=1
(e∓αay(x)2j−2`a
x(y)
2`−1 + e
±αay(x)2j−2`a
x(y)
2`+1)
∓ i
4
j−1∑
`=1
(e∓αay(x)L+2−2`a
x(y)
L+1−2j+2` + e
±αay(x)L−2`a
x(y)
L+1−2j+2`) . (4.6)
In particular, for j = 0 we find
Q±f0 = ∓
i
2
L/2∑
`=1
e∓αax(y)2`−1a
y(x)
2` ±
i
2
L/2−1∑
`=1
e±αay(x)2` a
x(y)
2`+1 .
As expected, the Hamiltonian is the sum of the two charges for j = 0
H = Q+f0 +Q
−
f0
.
More generally, the local conservation laws that are one-site shift invariant in the bulk
are given by
I
+(e)
j (= Q
+
fj
+Q−fj) = I
+(e); bulk
j + I
+(e); edges
j (4.7)
where
I
+(e); bulk
j =
i
4
L−2j∑
`=2
e−α(ay`a
x
`+2j−1 − ax`−1ay`+2j) + eα(ay`−1ax`+2j − ax`ay`+2j−1)
I
+(e); edges
j =
i
4
j−1∑
`=1
[
e−α(ax2j−2`a
y
2`+1 + a
x
2`−1a
y
2j−2`) + e
α(ax2j−2`a
y
2`−1 + a
x
2`+1a
y
2j−2`)
+eα(axL+2−2`a
y
L+1−2j+2` − ayL−2`axL+1−2j+2`)
+e−α(axL−2`a
y
L+1−2j+2` − ayL+2−2`axL+1−2j+2`)
]
.
The remaining independent conservation laws are given by
J
+(e)
j (= Q
+
fj
−Q−fj) = J
+(e); bulk
j + J
+(e); edges
j (4.8)
where
J
+(e); bulk
j =
i
4
L−2j∑
`=2
(−1)`[e−α(ay`ax`+2j−1 − ax`−1ay`+2j)− eα(ay`−1ax`+2j − ax`ay`+2j−1)] (4.9)
J
+(e); edges
j = −
i
4
j−1∑
`=1
[
e−α(ax2j−2`a
y
2`+1 + a
y
2j−2`a
x
2`−1) + e
α(ax2j−2`a
y
2`−1 + a
y
2j−2`a
x
2`+1)
+e−α(axL−2`a
y
L+1−2j+2` + a
y
L+2−2`a
x
L+1−2j+2`)
+eα(axL+2−2`a
y
L+1−2j+2` + a
y
L−2`a
x
L+1−2j+2`)
]
.
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The explicit expressions in terms of spin variables can be readily obtained from the
Jordan-Wigner transformation (1.6). In particular we have (n > 0)
iax`a
y
`+n = σ
y
`σ
z
`+1 · · ·σz`+n−1σy`+n
iay`a
x
`+n = −σx` σz`+1 · · ·σz`+n−1σx`+n .
4.2. Odd chain
First of all we remind the reader that, as observed in section 3.2, the Majorana fermions
BL and B¯R (3.12) are conserved in the finite chain. These are quasilocal conservation
laws localized at the left and right boundaries.
We can then focus on the conservation laws that are written in terms of real
pseudomomenta. Among the noninteracting operators, the four independent classes
of exactly conserved quantities are reported in (3.11). Following the same method used
in the even case, the first two families of local conserved quantities are given by:
Q˜±fj =
1
2
∑
φ
ε(φ) cos(jφ)(b˜†±(φ)− b˜±(φ))(b˜†±(φ) + b˜±(φ))
= ±2i
L−1
2∑
k=1
L+1
2∑
`=1
L−1
2∑
n=1
cos(jφk)
sin(nφk) [sin(`φk)e
∓α + sin((`− 1)φk)e±α] ay(x)2n ax(y)2`−1
L+ 1
where φk =
2pik
L+1
. Due to the simple quantization conditions, in this case we can perform
the sums directly and use the following identity
1
L+ 1
∑
k
cos(jφk) sin(nφk) sin(`φk) =
δ`−n,j + δ`−n,−j − δ`+n,j − δ`+n,L+1−j
8
, (4.10)
valid for j sufficiently smaller than L. We note that this is essentially the same relation
found in the even case (cf. (4.5)). We find
Q˜±fj = ±
i
4
L−1
2∑
`=1
e∓α(ay(x)2` a
x(y)
2`+2j−1 − ax(y)2`−1ay(x)2`+2j) + e±α(ay(x)2` ax(y)2`+2j+1 − ax(y)2`+1ay(x)2`+2j)
∓ i
4
j−1∑
`=1
e∓αay(x)2j−2`a
x(y)
2`−1 + e
±αay(x)2j−2`a
x(y)
2`+1
∓ i
4
j−1∑
`=1
e∓αay(x)L+1−2`a
x(y)
L−2j+2` + e
±αay(x)L+1−2j+2`a
x(y)
L+2−2` . (4.11)
In contrast to the even case, these are not the only local conservation laws. Using (3.11),
we can construct the following independent conserved quantities
G˜+f = i
∑
φ
f(φ)
[
b˜†+(φ)b˜−(φ)− b˜†−(φ)b˜+(φ)
]
G˜−f =
∑
φ
f(φ)
[
b˜†+(φ)b˜−(φ) + b˜
†
−(φ)b˜+(φ)
]
,
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which, in terms of the Majorana fermions, read as
G˜+f = 2
∑
φ
L+1
2∑
n=1
L−1
2∑
`=1
f(φ)[sin(nφ)e−α + sin((n− 1)φ)eα] sin(`φ)
(L+ 1)ε(φ)
iax2n−1a
x
2`
+2
∑
φ
L−1
2∑
n=1
L+1
2∑
`=1
f(φ) sin(nφ)[sin(`φ)eα + sin((`− 1)φ)e−α]
(L+ 1)ε(φ)
iay2na
y
2`−1 (4.12)
G˜−f =
−2
L+1
2∑
n,`=1
φ
f(φ)[sin(nφ)e−α + sin((n− 1)φ)eα][sin(`φ)eα + sin((`− 1)φ)e−α]
(L+ 1)ε2(φ)
iax2n−1a
y
2`−1
+2
L−1
2∑
n,`=1
φ
f(φ) sin(nφ) sin(`φ)
L+ 1
iay2na
x
2` (4.13)
From these expressions we infer that a function f(φ) that makes the conservation law
local (for α 6= 0) must have the form ε(φ) cos(jφ), for G˜+f , and ε2(φ) cos(jφ), for G˜−f .
In the latter case we are using that ε2(φ), (3.4), has only a finite number of nonzero
Fourier coefficients.
It turns out that the local conservation laws G˜+fj can be directly obtained from
(4.11). Indeed they have exactly the same form as Q˜+fj+Q˜
−
fj
after the mapping ax2` → ay2`,
ay2` → −ax2`. This transformation is nothing but a rotation about z; we indeed find
G˜+fj = exp
[
−ipi
2
L−1
2∑
`=1
σz2`
]
(Q˜+fj + Q˜
−
fj
) exp
[
i
pi
2
L−1
2∑
`=1
σz2`
]
. (4.14)
The calculation of G˜−f is more involved and tedious. Since there is no advantage in an
explicit calculation, we rely on the procedure described at the beginning of section 4
and consider directly the thermodynamic limit.
4.3. Semi-infinite chain
In this section we deduce the form of the symbols qˆT (k) and qˆH(k) associated with the
local charges and defined in (2.2). To this aim, we consider the most general term that
appears in the conservation laws constructed so far, i.e.
Aαβ;js1,s2;s′1s′2
=
1
L+ 1
∑
`,n=1
φ
cos(jφ) sin((`− s1)φ) sin((n− s2)φ)iaα2`−1+s′1a
β
2n−1+s′2 , (4.15)
where α, β, s1, s2, s
′
1, s
′
2 ∈ {0, 1} and, for α and β, 0 ≡ x and 1 ≡ y. In the
thermodynamic limit we can ignore the last term of (4.10) (it corresponds to the right
boundary) and we have
1
L+ 1
∑
k
cos(jφk) sin(`φk) sin(nφk)→ δ`−n,j + δ`−n,−j − δ`+n,j
8
.
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Using this relation, a generic term (4.15) of a conserved quantity has the following form
Aαβ;js1,s2;s′1s′2
→ 1
4
∞∑
n,`=1
δ`−n,j−s1+s2 + δ`−n,−j−s1+s2 − δ`+n,j+s1+s2
4
×(iaα2`−1+s′1a
β
2n−1+s′2 − ia
β
2n−1+s′2a
α
2`−1+s′1) .
From this expression we can identify the symbols associated with this generic quadratic
form of fermions, which we call aˆ
(s1,s2;j)
T (k), for the Toeplitz part, and aˆ
(s1,s2;j)
H (k), for
the Hankel one. The only nonzero elements of the symbols are the following
[aˆ
(s1,s2;j)
T (k)]2s′1+α,2s′2+β = i
cos(jk)
2
ei(s1−s2)k
[aˆ
(s1,s2;j)
T (k)]2s′2+β,2s′1+α = [aˆ
(s1,s2;j)
T (k)]
∗
2s′1+α,2s
′
2+β
[aˆ
(s1,s2;j)
H (k)]2s′1+α,2s′2+β = i
eijk
4
ei(s1+s2−1)k
[aˆ
(s1,s2;j)
H (k)]2s′2+β,2s′1+α = −[aˆ
(s1,s2;j)
H (k)]2s′1+α,2s′2+β
We are now in a position to compute the symbols of the local conservation laws that are
quadratic in the Majorana fermions. By inspecting the various charges, (4.6), (4.11),
(4.12) and (4.13), we find
Q+fj ∼ Q˜+fj → 2(e−αA10;j0010 + eαA10;j0110)
Q−fj ∼ Q˜−fj → −2(e−αA01;j0110 + eαA01;j0010)
G˜+fj → 2e−α(A00;j0001 + A11;j0110) + 2eα(A00;j1001 + A11;j0010)
G˜−εfj → 2e−2α(−A01;j0100 + A10;j0011)− 2(A01;j0000 + A01;j1100) + 2e2α(−A01;j1000 + A10;j0011)
+2(A
10;|j−1|
0011 + A
10;j+1
0011 )
We call qˆ(±,j), ˆ˜g
(+,j)
, and ˆ˜g
(−,j)
the symbols associates with Q±fj , −G˜+fj , and G˜−εfj ,
respectively. The Toeplitz part is given by
qˆ
(+,j)
T (k) + qˆ
(−,j)
T (k) = cos(jk)ε(k)σ
xe−i
k
2
σz ⊗ σye−iθkσz
qˆ
(+,j)
T (k)− qˆ(−,j)T (k) = cos(jk)ε(k)σye−i
k
2
σz ⊗ σxe−iθkσz
ˆ˜g
(+,j)
T (k) = cos(jk)ε(k)(σ
ye−i
k
2
σz ⊗ σz)e−iθkσz⊗σz
ˆ˜g
(−,j)
T (k) = cos(jk)ε(k)[ε(k)I⊗ σye−iθkσ
z
]e−iθkσ
z⊗σz . (4.16)
The Hankel part (responsible for the boundary terms) reads as
qˆ
(+,j)
H (k) + qˆ
(−,j)
H (k) =
ei(j−
1
2
)k
2
ε(k)(σx ⊗ σy)eiθkσz⊗σz
qˆ
(+,j)
H (k)− qˆ(−,j)H (k) =
ei(j−
1
2
)k
2
ε(k)(σy ⊗ σx)eiθkσz⊗σz
ˆ˜g
(+,j)
H (k) =
ei(j−
1
2
)k
2
ε(k)σy ⊗ (σzeiθkσz)
ˆ˜g
(−,j)
H (k) =
ei(j−
1
2
)k
2
ε2(k)ei
k
2
σz ⊗ σy (4.17)
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The dispersion relation is εk = (cos
2 k
2
+ γ2 sin2 k
2
)1/2 and the Bogoliubov angle eiθk =
(cos k
2
+ iγ sin k
2
)/εk. In fact, we removed an irrelevant multiplicative constant that was
reminiscent of our convention J = 2 coshα (B.1). These symbols completely characterize
the local conservation laws and can also be used to reconstruct the conserved quantities
in the finite chain, as explained at the beginning of section 4.
By looking at the Toeplitz part, we recognize the conservation laws in the infinite
chain that “survive” the chain cut (see table 1):
Q+fn +Q
−
fn
← I+(e)n
Q+fn −Q−fn ← J
+(e)
n
G˜+fn ← − coshα(J
+(o)
n+1 + J
+(o)
n ) + sinhα(I
−(o)
n+1 − I−(o)n )
G˜−fn ← coshα(I
+(o)
n+1 + I
+(o)
n )− sinhα(J−(o)n+1 − J−(o)n ) ,
(4.18)
where n = 0, 1, . . .+. The notations for the charges in the infinite chain (r.h.s.) are
explained in section 2.1.
4.4. The extinct charges
Based on the analysis in the finite chain, one might conclude that the local conservation
laws in the periodic chain that have no analogues in the open chain are extinct:
0 ← I−(e)n
0 ← J−(e)n
0 ← coshα(I−(o)n+1 + I−(o)n )− sinhα(J+(o)n+1 − J+(o)n )
0 ← coshα(J−(o)n+1 + J−(o)n )− sinhα(I+(o)n+1 − I+(o)n ) .
(4.19)
As a matter of fact, we have not yet proven this statement, indeed we only showed that
in the finite chain there are no conserved operators with such bulk part. In principle,
we could be in an anomalous situation in which in the semi-infinite chain there are local
conservation laws that have no analogues in finite chains (we have already seen it to
happen when the number of sites is even). We provide however some arguments, based
on symmetries, in favor of (4.19).
Let us assume by contradiction that there is a local conservation law with bulk
part given by a linear combination of (4.19). Since the Hamiltonian is invariant under
spin flip, the charge can be always chosen to be even or odd under that transformation.
This implies that the postulated charge should be written in terms of either the first two
classes of conserved quantities or the last two ones (we remind the reader that (e) and
(o) stand for evenness and oddness under spin flip, respectively). On the other hand
the charge can not transform in itself (up to the sign) under a reflection about a bond
(or about a site), otherwise we would have found it in the finite chain. This observation
already rules out the existence of a local conservation law whose bulk part is a linear
combination of the first two families of charges of (4.19). The final step relies on the
algebra [21] of the local conservation laws. Specifically, it is not possible to find a linear
+ We are using slightly different notations with respect to Ref. [21], where instead indices started
from 1.
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combination of the last two families of (4.19) such that the commutator with (4.18) does
not include the family J
−(e)
n . Since the commutator of two charges is a charge, this is
in contradiction with our previous finding.
We point out that our argument relies on the finiteness of the range of the boundary
term of the postulated charge. However, in this particular case, we do not expect that
it could be possible to circumvent this contradiction relaxing locality into quasilocality.
We will instead see in section 5.4 that in the presence of a transverse field this possibility
becomes real.
4.5. The XX model
The isotropic limit γ = 0, i.e. α = 0, is somehow special. First of all, the energy
of the two families of excitations is degenerate also for chains with an even number of
sites. This means that there are finite chain analogues of all the conservation laws of the
semi-infinite chain. On the other hand, there is no bound state, so we lose the quasilocal
conservation laws localized at the boundaries. There is also another peculiarity, namely
the function f that appears in G˜−f is not required to be of the form ε
2(k) cos(jk), since
the numerator of the first term in (4.13) is factorized and one of the factors simplifies
the denominator; as a consequence G˜−cos(jk) is local without the need of multiplying the
cosine by ε2(k). In a sense, the resulting additional local conservation law (the total
spin in the z direction) replaces the charge that for α 6= 0 is localized at the boundaries.
We also note that adding a transverse field destroys the families of charges that are odd
under a one-site shift in the bulk, i.e. W
−site(o)
j and J
+bond(e)
j of table 1.
4.6. Numerical analysis
Remarkably, from (4.18) and (4.19) it follows that the set of the local conservation laws
of the semi-infinite chain does not transform well in the bulk under a shift by one site.
A rather counterintuitive consequence is that one-site shift invariance can be broken
evolving with the XY Hamiltonian with a boundary, without being ever restored.
In order to check this unexpected effect, we consider the time evolution of the
staggered magnetization restricted to half chain
mleft,s = ( lim
L→∞
)
1
2
L/2∑
`=1
(−1)`−1σz` . (4.20)
Since the initial state is one-site shift invariant, mleft,s is equal to zero at the initial time.
In a chain with periodic boundary conditions shift invariance in the initial state
is sufficient for mleft,s being zero also in the limit ‘limt→∞ limL→∞’ because the local
conservation laws have definite parity under a shift by one site and, in turn, the
stationary state is completely characterized by the charges that commute with the shift
operator.
On the other hand, in the semi-infinite chain the charges W in table 1 do not have
definite parity under a one-site shift. This implies that there are nonzero integrals of
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Figure 2. The half-chain staggered magnetization (4.20) after a global quench from
the state with all spins aligned along z evolving under the XY Hamiltonian (1.3) with
h = 0 and γ =
√
2. The nonzero slope is indicative of the breaking of one-site shift
invariance in the bulk.
motion associated with operators that are not one-site shift invariant (in the bulk).
As a consequence, despite mleft,s starting from zero, it does not approach a stationary
value in the limit ‘limt→∞ limL→∞’; it is instead proportional to the time (see figure 2),
manifesting a light-cone propagation. We note that this is also sufficient to exclude the
possibility that the charges W˜ in table 2 correspond to quasilocal conservation laws in
the semi-infinite chain.
This section concludes the first part of the paper, where we have computed the
local conservation laws starting from the exact diagonalization of the model. In the
next section the same problem will be addressed in a more abstract way and we will
consider the effects of a nonzero transverse field.
5. Local charges in the thermodynamic limit: a general formalism
In section 2.2 we introduced a correspondence between the conservation laws of a generic
quadratic Hamiltonian with open boundary conditions and block-Toeplitz-plus-Hankel
operators that commute with a given block-Toeplitz. For the sake of clarity we report
again the main result (2.6):
[eˆT,κ(z), qˆT,κ(z)] = 0
∂2
∂z2
[
eˆT,κ(z)qˆH,κ(z)− qˆH,κ(z)eˆT,κ(1/z)
]
=
[
qˆ+
′′
T,κ(0)− 2qˆ′H,κ(0)
]
eˆ−T,κ
∂2
∂z2
[
qˆ+T,κ(z)
z
− qˆH,κ(z)
]
eˆ−T,κ = 0[
qˆ+
′′
T,κ(0)− 2qˆ′H,κ(0)
]
eˆ−T,κ is antisymmetric
qˆ+
′
T,κ(0)eˆ
−
T,κ +
1
2
qˆ
′′
H,κ(0)eˆ
+
T,κ + qˆ
′
H,κ(0)eˆ
0
T,κ is symmetric .
(5.1)
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Here eˆT,κ(z) denotes the symbol of the block-Toeplitz operator associated with the
Hamiltonian
eˆT,κ(z) = zeˆ
+
T,κ + eˆ
0
T,κ +
1
z
eˆ−T,κ (5.2)
whereas qˆT,κ(z) and qˆH,κ(z) are the 2κ-by-2κ symbols of the Toeplitz part and of the
Hankel part, respectively, of the conservation law (cf. (2.2)). We are using the notation
qˆT,κ(z) = qˆ
+
T,κ(z) + qˆ
0
T,κ + qˆ
−
T,κ(1/z) (5.3)
where qˆ±T,κ(z) are (matrix-)polynomials that zero at z = 0. Symbols associated with
quadratic forms of fermions have the properties qˆT,κ(z) = −qˆ∗T,κ(z) = −qˆtT,κ(1/z) and
qˆH,κ(z) = −qˆ∗H,κ(z) = −qtH,κ(z). The proof of (5.1) is reported in Appendix A; this
section is devoted to a general analysis of the solutions of (5.1).
Our first aim is to simplify the system of equations. Let us assume that, for a
given κ, there are more than κ(10κ − 1) solutions. It is then possible to find a linear
combination of the solutions with the auxiliary properties∗:
qˆ+
′′
T,κ(0) = qˆ
+′
T,κ(0) = qˆ
′
H,κ(0) = 0 . (5.4)
Using (5.4), system (5.1) can be reduced to the following one
[eˆT,κ(z), qˆT,κ(z)] = 0(
1
z
qˆ+T,κ(z)− qˆH,κ(z)
)
eˆ−T,κ = 0
eˆT,κ(z)qˆH,κ(z)− qˆH,κ(z)eˆT,κ(1z ) = 0 .
(5.5)
One can easily check that any solution of (5.5) is also solution of (5.1). In addition,
assuming (5.4), (5.5) is invariant under the transformation
qˆ+T,κ(z)→ zj qˆ+T,κ(z) qˆH,κ(z)→ zj qˆH,κ(z) (5.6)
for any integer j ≥ −1 (but also for j = −2 if qˆ′H,κ(0) = 0). The practical effect of
the transformation is to increase the range of the operator by jκ. This is therefore a
systematic procedure to generate an infinite set of local conservation laws (which, for
j < 0, includes also one or two solutions that do not satisfy (5.4)).
By reversing the reasoning we can state that, for κ fixed, there can be only a
finite number of linearly independent solutions of (5.1) which are not solutions of the
reduced system (5.5). In the following we will refer to the solutions of (5.5) as the
“regular solutions” of (5.1) (we stress again that they do not need to satisfy (5.4)). The
remaining ones will be qualified as “atypical”.
5.1. Chain inversion
As pointed out in [24], chain inversion plays a key role in chains with open boundary
conditions. In the framework of algebraic Bethe ansatz, [24] showed that, in the
XYZ model, all the local conservation laws which can be obtained by expanding the
∗ For this estimate we are only using that qˆT,κ(z) and qˆH,κ(z) are purely imaginary for z real and that
qˆH,κ(z) is antisymmetric.
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logarithm of the boundary transfer matrix around the shift point are invariant under
chain inversion. Using a direct approach, we already showed that this rule is not free
from exceptions. Specifically, if the chain is odd the family of charges W
−site(o)
j turns
out to be odd under that symmetry].
In this section we investigate the simplifications that arise when a quadratic
Hamiltonian is invariant under chain inversion, like in the quantum XY model in a
transverse field.
Chain inversion σα` → σαL+1−` , with α ∈ {x, y, z}, corresponds to the following
transformation on the Majorana fermions
a` → (−1)`+1iΠza2L+1−` . (5.7)
Alternatively, for any given quadratic operator of the form (2.1) and (2.2), one can apply
the following transformation to the operator Q:
Q2κ`+j,2κ`′+j′ → (−1)j+j′Q2κ(L−`)+1−j,2κ(L−`′)+1−j′ . (5.8)
As a result, the symbol of the Toeplitz part transforms as follows:
qˆT,κ(z)→ Σxκ ⊗ σy qˆT,κ(1/z)Σxκ ⊗ σy , (5.9)
where Σxκ is the κ-by-κ exchange matrix [Σ
x
κ]ij = δi+j,κ+1. If a quadratic form of fermions
is invariant under chain inversion, its Toeplitz symbol qˆT (z) must be invariant under
(5.9) for any κ. Being the XY Hamiltonian reflection symmetric, we then have
eˆT,κ(1/z) = Σ
x
κ ⊗ σyeˆT,κ(z)Σxκ ⊗ σy . (5.10)
This identity allows us to recast the third equation of (5.1) (and (5.5)) in the form of a
commutator:
eˆT,κ(z)qˆH,κ(z)− qˆH,κ(z)eˆT,κ(1/z) = [eˆT,κ(z), qˆH,κ(z)Σxκ ⊗ σy]Σxκ ⊗ σy
We can therefore rewrite system (5.1) as follows
[eˆT,κ(z), qˆT,κ(z)] = 0
∂2
∂z2
[
qˆ+T,κ(z)
z
− qˆH,κ(z)
]
eˆ−T,κ = 0
∂2
∂z2
[eˆT,κ(z), qˆH,κ(z)Σ
x
κ ⊗ σy] =
[
qˆ+
′′
T,κ(0)− 2qˆ′H,κ(0)
]
eˆ−T,κΣ
x
κ ⊗ σy[
qˆ+
′′
T,κ(0)− 2qˆ′H,κ(0)
]
eˆ−T,κ is antisymmetric
qˆ+
′
T,κ(0)eˆ
−
T,κ +
1
2
qˆ
′′
H,κ(0)eˆ
+
T,κ + qˆ
′
H,κ(0)eˆ
0
T,κ is symmetric .
(5.11)
Analogously the reduced system (5.5) becomes
[eˆT,κ(z), qˆT,κ(z)] = 0(
1
z
qˆ+T,κ(z)− qˆH,κ(z)
)
eˆ−T,κ = 0[
eˆT,κ(z), qˆH,κ(z)Σ
x
κ ⊗ σy
]
= 0 .
(5.12)
] We note that this is not in contradiction with the previous statement: we have not derived these
conservation laws by taking the derivatives of the logarithm of the transfer matrix.
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5.2. Form of the solutions for “generic” noninteracting Hamiltonians
Let us consider a noninteracting Hamiltonian of a generic model that in the infinite chain
has only a standard abelian set of local conservation laws, which can be written as linear
combinations of the mode occupation numbers. As shown in [21], this is possible only
if, for generic z, the symbol eˆT,κ(z) associated with the Hamiltonian is nondegenerate.
In such generic situation the solutions of the first equation of (5.1), namely
[qˆT,κ(z), eˆT,κ(z)] = 0 ,
are simply polynomials of eˆT,κ(z):
qˆT,κ(z) =
2κ−1∑
j=0
(−i)j−1cj(z) + ij−1cj(1/z)
2
[eˆT,κ(z)]
j . (5.13)
Here cj(z) are polynomials of z with real coefficients and we used the properties
qˆT,κ(z) = −qˆ∗T,κ(z) = −qˆtT,κ(1/z).
We now focus on Hamiltonians which are invariant under chain inversion. As shown
in section 5.1, this implies that the Toeplitz operator H associated with the Hamiltonian
is invariant under the unitary Hermitian transformation
R = ΣxL/κ ⊗ Σxκ ⊗ σy (5.14)
where the indices of the first operator in the Kronecker product are the same that
label the blocks in (2.2). In the most generic case, there are no degeneracies in the
spectrum of H and the eigenvectors of H must be also eigenvectors of R. As shown in
section 1.2.2, the excitations of the model are in a simple relation with the eigenvectors
of H. We can therefore expect that under chain inversion the excitations b†(φ) will
transform as b†(φ) 7→ s(φ)Πzb†(φ), where s(φ) is a sign (cf. (5.7)). On the other hand,
in the absence of degeneracy, any noninteracting conservation law is written in terms of
the mode occupation numbers b†(φ)b(φ). Thus, it has to be even under chain inversion.
If this property is preserved in the thermodynamic limit, we can restrict even more the
class of possible symbols for the Toeplitz part of a local charge:
qˆT,κ(z) =
κ−1∑
j=0
pj(z) + pj(1/z)
2
[eˆT,κ(z)]
2j+1 (5.15)
where pj(z) = (−1)jc2j+1(z) are polynomials and we can impose p0(0) = 0 in order to
exclude the Hamiltonian.
If we focus on the regular solutions (the solutions of (5.12)) and assume invariance
under chain inversion, the absence of degeneracy in eˆT,κ(z) allows us to fix also the
form of the symbol of the Hankel part which has to satisfy the last equation of (5.12)).
Specifically we find
qˆH,κ(z) =
κ−1∑
j=0
dj(z)[eˆT,κ(z)]
2jΣxκ ⊗ σy (5.16)
where dj(z) have real coefficients and are such that dj(z)[eˆT,κ(z)]
2j do not have negative
powers of z.
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The second equation of (5.12) is the link between the Topelitz part and the Hankel
one. Using (5.6), for regular solutions with sufficiently wide range we can assume
qˆ+T,κ(z) =
1
2
κ−1∑
j=0
pj(z)[eˆT,κ(z)]
2j+1
and hence the second equation of (5.5) reads as
κ−1∑
j=0
[eˆT,κ(z)]
2j
[1
2
pj(z)
z
eˆT,κ(z)− dj(z)Σxκ ⊗ σy
]
eˆ−T,κ = 0 . (5.17)
As far as the reduced system (5.12) is concerned, the problem of identifying the local
conservation laws is equivalent to finding pj(z) and dj(z) that solve (5.17).
If all the reflection symmetric local conservation laws in the infinite chain have
analogues in the semi-infinite chain and the boundary part of any charge can be described
by a block-Hankel matrix with fixed block’s size, each term of the sum in (5.17) must
vanish separately. Indeed one can seek for solutions with pj(z) nonzero only for one
given j at a time. Consequently, the following system should have solution
(eˆ+T,κ + a+Σ
x
κ ⊗ σy)eˆ−T,κ = 0
(eˆ0T,κ + a0Σ
x
κ ⊗ σy)eˆ−T,κ = 0
(eˆ−T,κ + a−Σ
x
κ ⊗ σy)eˆ−T,κ = 0
(5.18)
with a0, a+ and a− three auxiliary parameters.
5.3. Transverse-field Ising chain
In this section we apply the formalism developed to the transverse-field Ising chain. The
reader interested in the direct calculation can find some details in Appendix B.2.
Contrary to the XY model, the TFIC does not possess non-commuting local charges
and belongs to the class of models that can be described through the equations derived
in section 5.2. Let us consider the representation with κ = 1. The symbol of the
Hamiltonian is given by (cf. (1.7) and (2.2))
eˆ+T,1 = −iσ+ eˆ0T,1 = −hσy .
System (5.18) reads as
(− i
2
σ+ + a+σ
y)σ− = 0
(−hσy + a0σy)σ− = 0
( i
2
σ− + a−σy)σ− = 0 .
This can be readily solved and we find
a+ = −1 a0 = h a− = 0 .
Coming back to (5.17), this means
d0(z) = (z − h)p0(z)
2z
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and hence
qˆT,1(z) =
p0(z) + p0(1/z)
2
eˆT,1(z)
qˆH,1(z) = (z − h)p0(z)
2z
σy .
By choosing p0(z) = z
j we obtain the local conservation laws reported in table 1. One
can verify that these are solutions of system (5.11) also for j = 1 (the constant term in
qˆH(z) can be dropped), showing that any reflection symmetric charge of the TFIC in
the infinite chain has an analogue in the semi-infinite chain.
5.4. Quantum XY model in a transverse field
In this section we consider the quantum XY model in a transverse field with h 6= 0
and γ 6= 1. The local conservation laws in the infinite chain commute with one
another, so we can apply again the results of section 5.2. However, we note that in the
thermodynamic limit for h < |γ2 − 1| the spectrum of H becomes partially degenerate
and this could invalidate our assumption that there are not charges which are odd under
chain inversion. However, in this paper we ignore this complication and look only for
reflection symmetric charges.
For κ = 1 the symbol of the Hamiltonian is given by
eˆ+T,1 =
σy − iγσx
2
eˆ0T,1 = −hσy .
There is a very important difference with respect to the Ising case: eˆ±T,1 are invertible.
This means that the second equation of (5.11) can be readily solved
qˆH,1(z) = λzσ
y − qˆ
+
T,1(z)
z
+ qˆ+
′
T,1(0) ,
where the form of the first term on the right hand side is fixed by the fact that
qˆH,1(z) must be antisymmetric (and purely imaginary) and hence can not be other
than proportional to σy. On the other hand, in the infinite chain there is no charge
besides the Hamiltonian with ∂z
qˆ+T,1(z)
z
∝ σy, therefore for κ = 1 the system has no
solution.
Let us consider κ = 2. The symbol of the Hamiltonian is now given by
eˆ+T,2 = σ
+ ⊗ σ
y − iγσx
2
eˆ0T,2 =
(σx
2
− hI
)
⊗ σy − γσ
y ⊗ σx
2
.
We note that eˆ±T is not invertible anymore. Nevertheless, system (5.17) has no solution.
We also checked that (5.17) has no solution even for κ = 4 and κ = 8, suggesting that
this model might not have regular solutions at all. This means that the boundary parts
of the conservation laws do not have a sufficiently regular structure and we lose all the
advantages of a representation in terms of Hankel operators. Nevertheless, we can still
exploit the structure of the bulk part.
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Let us then seek for atypical solutions. We focus on a representation with κ
sufficiently large that ∂2z qˆH,κ(z) = 0. System (5.11) becomes
[eˆT,κ(z), qˆT,κ(z)] = 0
∂3
∂z3
qˆ+T,κ(z)eˆ
−
T,κ = 0
eˆ+T,κqˆH,κ =
1
2
qˆ+
′′
T,κ(0)eˆ
−
T,κ
[eˆ0T,κ, qˆH ] = qˆ
+′
T,κ(0)eˆ
−
T,κ − eˆ+T,κqˆ−
′
T,κ(0)
(5.19)
Let us consider the symbol of the most general reflection symmetric conservation law.
For κ = 1 this has the form (we excluded the Hamiltonian)
qˆT,1(z) =
r∑
j=1
qj
zj + z−j
2
eˆT,1(z) . (5.20)
This expression can be used to construct the symbols for κ = 2n > 1 (n ∈ N), by means
of the recursive formula [21]
qˆT,κ(z) =
I + σxz−
σz
2
2
⊗ qˆT,κ
2
(z1/2) +
I− σxz−σz2
2
⊗ qˆT,κ
2
(−z 12 ) . (5.21)
Let us focus on κ = 2. The symbol reads as
qˆT,2(z) =
r∑
j=1
qj
z
j
2 + z−
j
2
2
[I + σxz−σz2
2
⊗ eˆT,1(z1/2) + (−1)j I− σ
xz−
σz
2
2
⊗ eˆT,1(−z 12 )
]
We find that the second equation of (5.19) implies
qj = 0 ∀j ≥ 5 .
That is to say, the range of the generic charge is in fact bounded:
qˆT,2(z) =
4∑
j=1
qj
z
j
2 + z−
j
2
2
[I + σxz−σz2
2
⊗ eˆT,1(z1/2) + (−1)j I− σ
xz−
σz
2
2
⊗ eˆT,1(−z 12 )
]
Being skew-symmetric and purely imaginary, qˆH has the following form:
qˆH,2 = (λ0I + λxσ
x + λzσ
z)⊗ σy + σy ⊗ (µ0I + µxσx + µzσz)
where all the parameters are real. In conclusion, if the system of equations
(5.19) has a solution, it should be possible to find ten real parameters
{q1, q2, q3, q4, λ0, λx, λz, µ0, µx, µz} satisfying the last two equations of (5.19). Indeed,
we find a solution (up to a multiplicative factor):
{q1, q2, q3, q4, λ0, λx, λz, µ0, µx, µz}
=
{
4h, γ2 − 1, 0, 0, h3 + γ
2
4
,
γ2 − 1
4
, h
3 + γ2
4
, 0,
γ(γ2 − 1)
4
, 0
}
.
We checked that this is the conservation law reported in Ref. [24]. Up to a a term
proportional to the Hamiltonian, this corresponds to multiplying eˆT,1(z) in (5.20) by(z + z−1
2
+
h
γ2 − 1
)2
.
For larger κ, we expect that the second equation of (5.19) gives the constraint
r = 2κ (although a posteriori we find that one could also impose r = κ). As long as κ
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is a power of 2, a rather crude procedure to solve the system of equations could be to
express qˆH as the most general purely imaginary skew-symmetric (2κ)-by-(2κ) matrix
and to manage the Toeplitz part by means of (5.21). This gives a total of κ(2κ + 1)
parameters that must be fixed imposing the last two equations of (5.19). For κ = 4 we
find one additional independent solution, whose bulk part has the symbol (5.20) with
q1 = 1− 8h
2
(γ2 − 1)2 q3 = 1 q4 =
γ2 − 1
8h
. (5.22)
Interestingly, up to terms proportional to the previous charge and to the Hamiltonian,
this corresponds to multiplying eˆT,1(z) in (5.20) by(z + z−1
2
+
h
γ2 − 1
)4
. (5.23)
We solved the system of equations also for κ = 8 and found two additional independent
solutions of the same form but with exponent 6 and 8. This suggests that, for generic
κ, the bulk part of the conservation law is simply given by
qˆ2j;T,1(z) =
(z + z−1
2
+
h
γ2 − 1
)2j
eˆT,1(z) . (5.24)
We note that the presence of only even powers of cq(z) =
z+z−1
2
+ q, with q = h
γ2−1 ,
is not sufficient to conclude that the charges with PBC associated with odd powers
of cq(z) are destroyed by the boundary. For example, for |q| > 1 we can easily show
that the operators corresponding to odd powers are linear combinations of the charges
associated with even powers. This can be seen as follows. For z in the unit circle, being√
(1 + |q|)2 − x an analytic function of x in x < (1 + |q|)2, we can series expand cq(z)
in powers of c2q(z)− (1 + |q|)2
cq(z) =
∑
j
aj
[(z + z−1
2
+ q
)2
− (1 + |q|)2
]j
,
where the coefficients aj decay as ∼ (1+|q|)−2jj3/2 . The locality properties of the charge close
to the boundary can be inferred without knowing the explicit expression of qH,κ(z).
First, we observe that the range of the edge part corresponding to c2jq (z) is bounded
from above by 2j+2 (this is because we chose k so large that the block-Hankel operator
has just one block-element different from zero). Second, we normalize the argument
of the expansion above in such a way that, in the unit circle (|z| = 1), the argument
is always smaller than or equal to 1. This implies that the corresponding charge Qj
satisfies ‖ Qj ‖≤‖ H ‖, where ‖ · ‖ is the maximal eigenvalue in absolute value (this
is because the energy of any excitation of the charge is smaller than the energy of
the corresponding excitation of the Hamiltonian). Consequently, the coefficients of the
expansion decay exponentially as [1 − ( |q|−1|q|+1)2]j and the edge part of the conservation
law represented by cq(z) turns out to be quasilocal. The same argument applies also
to c2j−1q (z) for any j > 0. In conclusion, for |q| > 1 the set (5.24) is complete and all
the local conservation laws that seem to be missed, not being written as a finite linear
combination of (5.24), have in fact quasilocalized contributions at the boundaries.
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Figure 3. The time evolution of 〈∆Qj〉 (5.26) after a global quench from the state
with all spins aligned along z evolving under the XY Hamiltonian (1.3) with h = 0.75
and γ =
√
3 (thus hγ2−1 < 1) for various values of j (we omitted j = 0, being the energy
difference and hence identically zero at any time). For j even, 〈∆Qj〉 approaches a
stationary value; for j odd, there is a contribution proportional to the time.
For |q| < 1 the situation is different, indeed the functions c2jq (eik) are not complete
in L2[0, pi]††. For example fm(k) = sin k c2m+1q (eik)θ(1 − 2q − cos k) are orthogonal to
c2jq (e
ik), for any j,m ≥ 0 (we are assuming q > 0). On the other hand, cq(eik) is not
orthogonal to fm(k):∫ pi
arccos(1−2q)
dk
pi
(cos k + q)[sin k(cos k + q)2m+1] =
2
pi
(1− q)2m+3
2m+ 3
and hence the associated operator can not be written as a linear combination of the
operators with symbols (5.24).
This is not yet sufficient to exclude the existence of quasilocal conservation laws
whose Toeplitz symbols are linearly independent of (5.24). In the next section we provide
some numerical evidence that for h < |γ2 − 1| the missing reflection symmetric charges
are destroyed by the boundary, at least separately. However, we note that there are
indirect numerical evidences of additional quasilocal conservation laws which are odd
under chain inversion.
5.5. Numerical analysis
In this section we consider the time evolution of the expectation values of the local
quadratic forms of fermions Qj associated with Toeplitz operators with symbols of the
form
qˆj;T,1(z) =
(z + z−1
2
+
h
γ2 − 1
)j
eˆT,1(z) . (5.25)
††We consider [0, pi] because reflection symmetry implies that the functions must be even in [−pi, pi]
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Figure 4. The same as in figure 3 for h = 2.5, i.e. hγ2−1 > 1. Independently of j,
〈∆Qj〉 approaches a stationary value.
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Figure 5. The coefficient of the linear term in t in 〈∆Q1〉 (5.26) for the quench from
the state with all spins aligned along z evolving under the XY Hamiltonian (1.3) with
γ =
√
3 and various values of q = hγ2−1 . The data are consistent with the coefficient
approaching zero as a power law of 1− q as q → 1−.
These operators commute with the Hamiltonian up to terms localized at the boundaries.
In section 5.4 we conjectured that Q2j correspond to local conservation laws in the semi-
infinite chain. On the other hand, we showed that Q2j−1 are associated with quasilocal
conservation laws with OBC only for h > |γ2 − 1|. In order to see what happens when
h < |γ2 − 1|, we consider the following quantity
〈∆Qj〉 = ( lim
L→∞
) 〈↑ · · · ↑ |(eiHtQje−iHt −Qj)| ↑ · · · ↑〉 . (5.26)
If there is a conserved operator Q˜j with the same bulk part of Qj and quasilocalized
contributions at the boundaries, this expectation value remains finite at any time, indeed
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its absolute value can be bounded from above as follows
| 〈↑ · · · ↑ |(eiHtQje−iHt −Qj)| ↑ · · · ↑〉 |
≤ | 〈↑ · · · ↑ |eiHt(Qj − Q˜j)e−iHt| ↑ · · · ↑〉 |+ | 〈↑ · · · ↑ |(Q˜j −Qj)| ↑ · · · ↑〉 |
≤ 2 ‖ Q˜j −Qj ‖<∞ , (5.27)
where ‖ · ‖ is the operator norm. The last term is finite because Q˜j −Qj is assumed to
be quasilocalized at the boundaries. On the other hand, if there is no boundary term
that fixes the commutator with the Hamiltonian, the expectation value can diverge, but
no faster then linearly in time:
| ∂
∂t
〈↑ · · · ↑ |(eiHtQje−iHt −Qj)| ↑ · · · ↑〉 | = | 〈↑ · · · ↑ |[H, eiHtQje−iHt]| ↑ · · · ↑〉 |
≤‖ [H,Q] ‖<∞ . (5.28)
The last inequality is a consequence of Q being conserved in the bulk and hence the
commutator with the Hamiltonian being localized at the boundaries. The data shown
in Figure 3 and Figure 4 are consistent with the following conjecture:
- For |h| > |γ2 − 1| all the reflection symmetric conservation laws of the chain with
PBC have analogues in the chain with OBC;
- For |h| < |γ2 − 1| there is no conserved operator with bulk part described by a
symbols of the form (5.25) with an odd exponent. Nevertheless, there are still
quasilocal conserved quantities written also in terms of the (individually extinct)
charges corresponding to odd exponents. However, they are not enough to span
the entire space of the reflection symmetric conservation laws with PBC.
Figure 5 shows that the coefficient of the linear term in t in the expectation value of
Q1 is different from zero as long as q =
h
γ2−1 < 1 and apparently approaches zero as a
power law when q → 1−.
6. Conclusions
In this work we have constructed the local conservation laws of the quantum XY model
with open boundary conditions. We used two methods: a direct approach that relies
on exact diagonalization and a novel method based on the algebra of Toeplits+Hankel
operators. The former is applicable to models where the excitations are sufficiently
simple that one can easily guess the form of the local conservation laws in terms of the
excitations. We successfully applied this method both to the quantum XY model in
zero field and to the transverse-field Ising chain (cf. Appendix B.2). The more abstract
procedure based on the algebra of Toeplits+Hankel operators is generally more effective
than the direct approach and can also be applied when the diagonalization is more
complicated, as in the quantum XY model in a transverse field (cf. Appendix B.3).
We classified the local and quasilocal conservation laws of the quantum XY model
without a field. In the thermodynamic limit we found a non-abelian set of charges. We
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identified conservation laws that break chain inversion and also families of local charges
that, in the bulk, do not transform well under a shift by one site.
In the transverse-field Ising chain we obtained the expected result: all the
conservation laws of the periodic chain that are odd under chain inversion disappear
in the chain with open boundary conditions and any reflection symmetric charge of the
infinite chain survives the boundary.
We also carried out a preliminary analysis of the quantum XY model in a transverse
field. Our main result is a conjecture about the bulk part of the (quasi)local charges.
Remarkably, we found that the set of (quasi)local conservation laws changes crossing the
curve h = |γ2 − 1|, which was previously associated with a far-from-equilibrium phase
transition in an open XY chain [32]. It would be interesting to investigate whether the
two phenomena are connected. We point out that, for |h| < |γ2−1|, a part of the energy
spectrum becomes degenerate in the thermodynamic limit and the argument that we
gave in section 5.2 against the presence of charges that are odd under chain inversion
can be in fact circumvented. This leaves open the question of whether there are further,
possibly odd, quasilocal charges in this region of the parameter space.
As a by product of our investigations, we derived the conditions that the symbol of
a block-Toeplitz-plus-Hankel operator must satisfy in order to commute with a block-
Toeplitz. To the best of our knowledge, these conditions were never been pointed out
before.
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Appendix A. Toeplitz+Hankel commuting with Toeplitz
In this appendix we derive the conditions that the symbols of a block-Toeplitz+Hankel
operator (2.2) satisfy in order to commute with a given block-Toeplitz. We will focus on
the class of operators that are relevant to the description of noninteracting models with
local interactions. These operators appear when Hermitian noninteracting operators are
written in the following form:
Oˆ =
1
4
∑
`,n
a`O`nan , (A.1)
where aj are Majorana fermions ({a`, an} = 2δ`n) and O`` = 0 (the diagonal elements
would give contributions proportional to the identity). The hermiticity of Oˆ implies the
hermiticity of O and the anticommutation relations of the fermions allow us to ask for O
being skewsymmetric. In conclusion, O is a purely imaginary antisymmetric operator.
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If Oˆ is shift invariant in the bulk, we can always isolate a block-Toeplitz part T [φˆκ(z)]
from O, where φˆκ(z) is the so-called symbol
{T [φˆκ(z)]}2κ`+j,2κ`′+j′ =
∫ pi
−pi
dk
2pi
e−i(`−`
′)k[φˆκ(e
ik)]jj′ , (A.2)
with 1 ≤ j, j′ ≤ 2κ and `, `′ ≥ 0. If the homogeneity of Oˆ is broken only in a region
localized at the boundary, the rest of the operator T [φˆκ(z)]−O can be assumed to have
block-Hankel form H[ψˆκ(z)]
{H[ψˆκ(z)]}2κ`+j,2κ`′+j′ =
∫ pi
−pi
dk
2pi
e−i(`
′+`+1)k[ψˆκ(e
ik)]jj′ , (A.3)
where ψˆκ(z) is the symbol of the Hankel part. By writing O = T [φˆκ(z)] − H[ψˆκ(z)]
and imposing that O is a purely imaginary antisymmetric operator, we obtain the
conditions φˆκ(z) = −φˆ∗κ(z) = −φˆtκ(1/z) and ψˆκ(z) = −ψˆ∗κ(z) = −ψtκ(z). In addition,
if O is a local operator, O can have only a finite number of diagonals different from
zero (around the main one). As a result, locality implies that the symbols must have
a finite number of nonzero Fourier coefficients. Analogously, quasilocality means that
the Fourier coefficients decay exponentially.
We remind the reader of the following well-known identities that relate block-
Toeplitz and block-Hankel operators [35]:
T [φˆ(z)ψˆ(z)] = T [φˆ(z)]T [ψˆ(z)] +H[φˆ(z)]H[ψˆ(1/z)]
H[φˆ(z)ψˆ(z)] = T [φˆ(z)]H[ψˆ(z)] +H[φˆ(z)]T [ψˆ(1/z)] . (A.4)
From the first equation of (A.4) we find
[T [φˆ(z)], T [ψˆ(z)]] = T [[φˆ(z), ψˆ(z)]]−H[φˆ(z)]H[ψˆ(1/z)] +H[ψˆ(z)]H[φˆ(1/z)]
Let us apply this identity to our problem. Imposing zero commutator between the block-
Toeplitz operator of the Hamiltonian H = T [eˆT (z)] and the block-Toeplitz-plus-Hankel
operator associated with the local charge Q = T [qˆT (z)]−H[qˆH(z)] we obtain
0 =
[
T [eˆT (z)], T [qˆT (z)]−H[qˆH(z)]
]
= T [[eˆT (z), qˆT (z)]]
−H[eˆT (z)]H[qˆT (1/z)] +H[qˆT (z)]H[eˆT (1/z)]−
[
T [eˆT (z)], H[qˆH(z)]
]
. (A.5)
Because of locality, the Toeplitz operator on the right hand side of the first line of (A.5)
must be zero, being the only contribution in the bulk. This implies that the symbols of
the Toeplitz part of the operators must commute [eˆT (z), qˆT (z)].
Our goal is to express also the vanishing of the second line as a condition on the
symbols. Let us rewrite the equation explicitly:
0 =
∞∑
j=0
∫ pi
−pi
dk
2pi
∫ pi
−pi
dp
2pi
e−i`k−inp
[
eijk−i(j+1)peˆT (eik)qˆH(eip)− e−i(j+1)k+ijpqˆH(eik)eˆT (e−ip)
−e−i(j+1)(k+p)
(
qˆT (e
ik)eˆT (e
−ip)− eˆT (eik)qˆT (e−ip)
)]
. (A.6)
In the integral over p of the second term we have reversed the integration variable in
order to factorize the term e−i`k−inp. This equation has the following meaning: for any
Quantum XY model with OBC 40
j ≥ 0, the term in square brackets has only negative Fourier coefficients; that is to say,
the matrix
zjw¯j+1eˆT (z)qˆH(w)− z¯j+1wj qˆH(z)eˆT (w¯)− z¯j+1w¯j+1
(
qˆ+T (z)eˆ
−
T (w¯)− eˆ+T (z)qˆ−T (w¯)
)
(A.7)
can not have terms with nonnegative powers of z and w simultaneously, where we used
the notation z¯ = 1/z. In order to write this condition in a more compact form, we
consider a block dimension κ such that
eˆT (z) = zeˆ
+
T + eˆ
0
T +
1
z
eˆ−T . (A.8)
We then sum (A.7) over j taking only the terms with nonnegative powers of z and w.
For example, let us consider the first term of (A.7) and (A.8):
∞∑
j=0
zj+1w¯j+1eˆ+T qˆH(w) =
∞∑
j=0
∑
i=1
eˆ+T
q
(i)
H (0)
i!
zj+1w¯j+1−i →
∑
i=1
i−1∑
j=0
eˆ+T
q
(i)
H (0)
i!
( z
w
)j+1
wi
=
∑
i=1
zeˆ+T
q
(i)
H (0)
i!
wi − zi
w − z =
zeˆ+T [qˆH(w)− qˆH(z)]
w − z .
Making analogous manipulations we can recast (A.6) in the following form
zeˆ+T qˆ(w) + eˆ
0
T qˆ(w) + eˆ
−
T
qˆ(w)
w
− wqˆ(w)eˆ−T − qˆ(w)eˆ0T −
qˆ(w)
w
eˆ+T −
( z
w
− 1
)
eˆ+T qˆ
−
T (w)
= zeˆ+T qˆ(z) + eˆ
0
T qˆ(z) + eˆ
−
T
qˆ(z)
z
− qˆ(z)weˆ−T − qˆ(z)eˆ0T −
qˆ(z)
z
eˆ+T −
(
1− w
z
)
qˆ+T (z)eˆ
−
T ,
where, for the sake of compactness, we used the notation qˆ(z) to indicate the symbol
qˆH(z) of the Hankel part. This equation should be fulfilled for any z and w. In fact,
the first (second) line is linear in z (w). Thus, it can be simplified further. In particular
it can be recast in a system of two equations, one for w = 0 and one for the derivative
with respect to w:
eˆ−T qˆ
′
0 − qˆ′0eˆ+T − zeˆ+T qˆ−
′
T (0) = zeˆ
+
T qˆ(z) + eˆ
0
T qˆ(z) + eˆ
−
T
qˆ(z)
z
− qˆ(z)eˆ0T −
qˆ(z)
z
eˆ+T − qˆ+T (z)eˆ−T
∂
∂w
[
zeˆ+T qˆ(w) + eˆ
0
T qˆ(w) + eˆ
−
T
qˆ(w)
w
− wqˆ(w)eˆ−T − qˆ(w)eˆ0T −
qˆ(w)
w
eˆ+T −
( z
w
− 1
)
eˆ+T qˆ
−
T (w)
]
= −qˆ(z)eˆ−T +
qˆ+T (z)
z
eˆ−T
The left hand side of the second equation is linear in z, thus, as before, can be rewritten
as a system of two equations, one for z = 0 and one for the derivative with respect to z:
eˆT (z)qˆ(z)− qˆ(z)eˆT (1/z) = eˆ−T qˆ′0 − qˆ′0eˆ+T − zeˆ+T qˆ−
′
T (0) + z
[ qˆ+T (z)
z
− qˆ(z)
]
eˆ−T
∂
∂w
[
eˆ0T qˆ(w) + eˆ
−
T
qˆ(w)
w
− wqˆ(w)eˆ−T − qˆ(w)eˆ0T −
qˆ(w)
w
eˆ+T + eˆ
+
T qˆ
−
T (w)
]
= qˆ+
′
T (0)eˆ
−
T
eˆ+T
∂
∂w
[
qˆ(w)− qˆ
−
T (w)
w
]
=
∂
∂z
[ qˆ+T (z)
z
− qˆ(z)
]
eˆ−T =
[ qˆ+′′T (0)
2
− qˆ′(0)
]
eˆ−T .
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In the last equation we used that the two members depend on different variables, i.e.
they must be constant. We use the third equation to remove qˆ−T (w) from the second
equation. The second equation can then be rewritten as follows:
∂
∂w
[
eˆT (w)qˆ(w)− qˆ(w)eˆT (1/w)
]
= −eˆ+T qˆ−
′
T (0) + qˆ
+′
T (0)eˆ
−
T + 2w
[ qˆ+′′T (0)
2
− qˆ′(0)
]
eˆ−T .
Including also the equation for the Topelitz part, we finally obtain the system of
equations (2.6)
[eˆT (z), qˆT (z)] = 0
∂2
∂z2
[
eˆT (z)qˆH(z)− qˆH(z)eˆT (1/z)
]
=
[
qˆ+
′′
T (0)− 2qˆ′H(0)
]
eˆ−T
∂2
∂z2
[
qˆ+T (z)
z
− qˆH(z)
]
eˆ−T = 0[
qˆ+
′′
T (0)− 2qˆ′H(0)
]
eˆ−T is antisymmetric
qˆ+
′
T (0)eˆ
−
T +
1
2
qˆ
′′
H(0)eˆ
+
T + qˆ
′
H(0)eˆ
0
T is symmetric .
(A.9)
We note that the last two conditions rely on the transformation rules of the symbols
under transposition.
Appendix B. Exact diagonalization
Appendix B.1. Quantum XY model (h = 0)
In this appendix we detail the diagonalization of the quantum XY model in zero field.
For the sake of simplicity, we change the parametrization as follows
γ = tanhα J = 2 coshα (h = 0) . (B.1)
The eigenvalue problem (1.10) can be cast in the following linear recurrence equation
σyeασ
z
~u2 = ε~u1
σye−ασ
z
~un−1 + σyeασ
z
~un+1 = ε~un 1 < n < L
σye−ασ
z
~uL−1 = ε~uL ,
(B.2)
where, for any given excitation energy ε, we defined
~ui ∝
(
[~U ]2i−1
[~U ]2i
)
.
We solve the recurrence equation in two steps, reducing it first to a simpler equation.
To this aim we define ~vn of the form
~vn = ~un − eiφ/2σyeiβσz~un−1 , (B.3)
with φ and β two auxiliary parameters. From the second equation(s) of (B.2) we obtain
eασ
z
~vn+1 =
[
εσy − eiφ/2σye(iβ−α)σz
]
~vn +
[
εeiφ/2eiβσ
z − eiφeασz − e−ασz
]
~un−1 ,
so it is convenient to impose the condition
εeiφ/2eiβσ
z − eiφeασz − e−ασz = 0 .
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This system of two equations has the following solution:{
eiβ = 2 cosh(α + iφ
2
)
ε2 = 4 cosh(α + iφ
2
) cosh(α− iφ
2
) = 4(cos2 φ
2
+ sinh2 α)
(B.4)
It is worth remarking that we can already identify the dispersion relation:
ε(φ) = 2
√
cos2
φ
2
+ sinh2 α , (B.5)
where however φ is still an undefined variable. Imposing (B.4), the recurrence equation
for ~v becomes
~vn+1 = e
−iφ/2σye(2α+iβ)σ
z
~vn .
This is readily solved
~vn =
{
ei(1−n)φ/2σye(2α+iβ)σ
z
~u1 n even
ei(1−n)φ/2~u1 n odd ,
where we used the first equation of (B.2) to express the solution in terms of ~u1. We
point out that with periodic boundary conditions one can take the solution ~vn = 0.
We can go back to the original variables using the following identity
~un = [e
iφ/2σyeiβσ
z
]n−1~u1 +
n−2∑
j=0
[eiφ/2σyeiβσ
z
]j~vn−j ,
which readily follows from (B.3). We finally obtain (φ 6= 0, pi)
~u2n−1 =
sin(nφ) + sin((n− 1)φ)e2ασz
sinφ
~u1
~u2n = ε
sin(nφ)
sinφ
σyeασ
z
~u1 . (B.6)
The admissible values of φ and, in turn, of the energies, are obtained imposing the last
equation of (B.2).
Before computing the quantization conditions, we note that both eigenvalues and
eigenvectors are invariant under φ → −φ and φ → φ + 2pi, therefore we can restrict
ourselves to Re[φ] ∈ (0, pi) and Im[φ] ≥ 0.
Quantization conditions. In the finite chain the ‘pseudomomentum’ φ is quantized
differently depending on whether the chain is even or odd.
Even chain. For L even, the last equation of (B.2) gives
sin(L
2
φ)e−ασ
z
+ sin((L
2
− 1)φ)eασz
sinφ
~u1 = ε
2 sin(
L
2
φ)
sinφ
eασ
z
~u1 .
Using the second equation of (B.4), this can be recast in the form (φ 6= 0, pi)
ei(L+1)φ~u1 =
cosh(ασz + iφ
2
)
cosh(ασz − iφ
2
)
~u1 . (B.7)
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Eq. (3.3) is satisfied only if ~u1 is an eigenvector of σ
z. Let us start considering the real
solutions. It follows from (3.3) that the difference between a solution and the next one
is ∼ 2pi
L+1
: the left hand side of the equation is invariant under such shift, while the right
hand side being modified just by an O(L−1) term. At the leading order we have
φn~u1 =
[
2pin
L+ 1
+
2
L+ 1
arctan
(
tanhα tan
pin
L+ 1
)
σz
]
~u1 +O(L
−2) . (B.8)
We point out that for σz~u1 = −~u1 the index n can assume any integer value between
1 and L
2
, while for σz~u1 = ~u1 there are solutions only for n ∈ [1, L2 − 1]. The missed
solution is a bound state.
The bound state can be obtained directly from (3.3). Let φ = φR + iη, with η
positive. We have
ei(L+1)(φR+iη)~u1 =
cosh(ασz + iφR+iη
2
)
cosh(ασz − iφR+iη
2
)
~u1 . (B.9)
In the limit of large L, the left hand side of (B.9) approaches zero, therefore the
numerator of the right hand side has to zero as L→∞. This implies[
ασz + i
φR + iη
2
]
~u1 → ipi
2
~u1
that is to say
σz~u1 = ~u1
φ→ pi + 2iα ,
which confirms that the only solution with nonzero imaginary part is in the sector
σz~u1 = ~u1. Including also the leading correction we obtain
Re[φ] = pi
Im[φ] ∼ 2α− 2 sinh(2α)e−2(L+1)α . (B.10)
In the following we will use the notation Im[φ] = 2α− to emphasize that the imaginary
part is close to but smaller than 2α.
This completes the set of pseudomomenta.
Finally, we report a useful identity
ε(φ) sin
((L
2
+ 1− n
)
φ
)
= −(−1)[φ]
[
sin(nφ)e∓α + sin((n− 1)φ)e±α
]
(B.11)
where the upper (lower) sign applies to the case σz~u1 = ~u1 (σ
z~u1 = −~u1) and we
indicated with [φ] the position of φ in the sequence obtained sorting the solutions
according to their real part, from the smallest to the greatest. This identity can be
easily proved using the quantization rule (3.3) and the fact that the difference between
two consecutive solutions is ∼ 2pi
L+1
.
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Odd chain. If L is odd, the last equation of (B.2) gives
ε
sin(L+1
2
φ)
sinφ
~u1 = 0 .
There are two possibilities: either
φn =
2pin
L+ 1
n = 1, . . . ,
L− 1
2
. (B.12)
or ε = 0, i.e.
φ = pi + 2iα (B.13)
Differently from the even case, the quantization conditions are very simple and do not
depend on ~u1.
Orthogonality and completeness relations. Here we report the orthogonality and
completeness relations that follow from (B.6).
Even chain. Let σz~u1 = s~u1, with s = ±1, and `, n ∈ [1, L/2]. We find∑
φ(s)
sin(`φ) sin(nφ)
L+ 1− 2s sinh(2α)
ε2(φ)
=
1
4
δ`n (B.14)
∑
φ(s)
[sin(`φ)e−sα + sin((`− 1)φ)esα][sin(nφ)e−sα + sin((n− 1)φ)esα]
(L+ 1)ε2(φ)− 2s sinh(2α) =
1
4
δ`n . (B.15)
L/2∑
n=1
sin(nφ) sin(nφ′)
L+ 1− 2s sinh(2α)
ε2(φ)
=
1
4
δφ,φ′ (B.16)
L/2∑
n=1
[sin(`φ)e∓α + sin((`− 1)φ)esα][sin(nφ′)e−sα + sin((n− 1)φ′)esα]
(L+ 1)ε2(φ)− 2s sinh(2α) =
1
4
δφφ′ (B.17)
Odd chain. For the real solutions φ ∈ R we have (`, n ∈ [1, L])∑
φ
sin(`φ) sin(nφ)
L+ 1
=
1
4
(δ`n − δ`,L+1−n) (B.18)
(L±1)/2∑
n=1
sin(nφ) sin(nφ′)
L+ 1
=
1
4
δφ,φ′ . (B.19)
Appendix B.2. Transverse-field Ising chain
In this appendix we sketch the diagonalization of the transverse-field Ising chain and
compute the local conservation laws using the direct approach of section 4.
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Diagonalization The Hamiltonian of the TFIC is given by
H = −J
2
L−1∑
j=1
σx` σ
x
`+1 + hσ
z
` (B.20)
Using representation (1.5), we identify H as the block-Toeplitz matrix with blocks(
H2`−1,2n−1 H2`−1,2n
H2`,2n−1 H2`,2n
)
= J(δn,`+1σ
y 1 + σ
z
2
+ δ`,n+1σ
y 1− σz
2
− hσy) . (B.21)
From now on we set J = 1. The recurrence equation associated with the eigenvalue
problem reads (we multiplied by σy from the left)
1+σz
2
~u2 = (εσ
y + h)~u1
1−σz
2
~un−1 + 1+σ
z
2
~un+1 = (εσ
y + h)~un 1 < n < L
1−σz
2
~uL−1 = (εσy + h)~uL ,
(B.22)
The first equation is already sufficient to determine ~u1 (up to a multiplicative constant):
1− σz
2
(εσy + h)~u1 = 0⇒ ~u1 =
(
h
−iε
)
.
Multiplying the second equation of (B.22) by 1±σ
z
2
from the left we find
~un+1 =
[1− σz
2
1− ε2 − hεσy
h
+
1 + σz
2
(εσy + h)
]
~un n ≥ 1 . (B.23)
It is convenient to parametrize the matrix in square brackets as follows
e−ikσ
xeβσ
y ≡ 1− σ
z
2
1− ε2 − hεσy
h
+
1 + σz
2
(εσy + h)
where
ε2 = 1 + h2 − 2h cos k
eβσ
y
=
ε+ (h− cos k)σy
sin k
.
The reader familiar with the quantum Ising model can already recognize the dispersion
relation of the model. The solution of (B.23) is straightforward
~un = e
−i(n−1)kσxeβσy~u1 = e−inkσ
xeβσ
y
(
1
0
)
. (B.24)
The last equation of (B.22) implies(
ε2 − h2 iε
h
(1 + h2 − ε2)
0 0
)
e−i(L−1)kσ
xeβσ
y
(
1
0
)
= 0
that is to say (
iε
h
)
∝ e−iLkσxeβσy
(
1
0
)
This equation results in the constraint
e2i(L+1)k =
eik − h
e−ik − h . (B.25)
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Orthogonality and completeness relations. The relations of orthogonality and complete-
ness that follow from (B.24) are the following:∑
k
[h sin(nk)− sin((n− 1)k)][h sin(`k)− sin((`− 1)k)]
ε2(k)L+ h(h− cos k) =
1
2
δ`n (B.26)
∑
k
ε2(k) sin(nk) sin(`k)
ε2(k)L+ h(h− cos k) =
1
2
δ`n (B.27)
L∑
n=1
[h sin(nk)− sin((n− 1)k)][h sin(np)− sin((n− 1)p)]√
ε2(k)L+ h(h− cos k)√ε2(p)L+ h(h− cos p) = 12δkp (B.28)
L∑
n=1
ε(k)ε(p) sin(nk) sin(np)√
ε2(k)L+ h(h− cos k)√ε2(p)L+ h(h− cos p) = 12δkp . (B.29)
Excitations. The excitations are obtained from the eigenvectors of ~u as shown in (1.8).
We obtain
b†k =
L∑
n=1
[h sin(nk)− sin((n− 1)k)]axn − iε(k) sin(nk)ayn√
2ε2(k)L+ 2h(h− cos k) (B.30)
For h < 1 there is a bound state k = iη with
e−2(L+1)η =
e−η − h
eη − h . (B.31)
At the lowest order of perturbation theory we find
η ∼ − log h+ (h− h−1)h2L+1 . (B.32)
The excitation energy approaches zero exponentially fast in the system length.
Local conservation laws. As in the quantum XY model, the bound state produces three
quasilocal conservation laws. The local charges have instead the form
1
2
∑
k
ε(k) cos(jk)(b†k − bk)(b†k + bk)
= −
L∑
n,`=1
∑
k
ε2(k) cos(jk) sin(nk)[h sin(`k)− sin((`− 1)k)]
ε2(k)L+ h(h− cos k) ia
y
na
x
` (B.33)
With the help of (B.27) we can easily identify the symbols (2.2)
qT (k) = cos(jk)[(cos k − h)σy + sin kσx] (B.34)
qH(k) =
ei(j−1)k
2
σy(eik − h) . (B.35)
This is a direct confirmation of the results obtained in (5.3) using the general formalism
that relies on the algebra of block-Toepliz and block-Toeplitz+Hankel operators.
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Appendix B.3. Quantum XY model in a transverse field
In section 5.4 we obtained the rather unexpected result that the local conservation laws
in the quantum XY model in a transverse field have a different structure with respect
to those in the transverse-field Ising chain. In this appendix we show where these
complications come from by sketching the diagonalization of the model.
The Hamiltonian is given by
H = −J
L−1∑
j=1
1 + γ
4
σx` σ
x
`+1 +
1− γ
4
σy`σ
y
`+1 +
h
2
σz` (B.36)
The matrix H that characterizes the fermion representation (1.5) is still block-Toeplitz
with blocks (1.7)(
H2`−1,2n−1 H2`−1,2n
H2`,2n−1 H2`,2n
)
=
J
2 coshα
(δn,`+1σ
yeασ
z
+δ`,n+1σ
ye−ασ
z−2h coshασyδ`n) .(B.37)
where, as in the quantum XY model, we defined α such that γ = tanhα. Setting again
J = 2 coshα, the corresponding recurrence equation reads (cf. (B.2))
σyeασ
z
~u2 = (ε+ 2h coshασ
y)~u1
σye−ασ
z
~un−1 + σyeασ
z
~un+1 = (ε+ 2h coshασ
y)~un 1 < n < L
σye−ασ
z
~uL−1 = (ε+ 2h coshασy)~uL ,
(B.38)
We point out that, as summarized in section 1.2.1, the magnetic field spoils both spin-
flip symmetry along x and y and the dual symmetry γ → γ−1. As a result, we can not
obtain the case γ > 1 from γ < 1. For γ > 1, α has imaginary part equal to pi
2
and our
choice of J is purely imaginary. This, in turn, implies that, for γ > 1, ε will be purely
imaginary.
The recurrence equation can be solved in two steps using the parametrization
~vn = ~un − exp(iφσxeβσy)~un−1 , (B.39)
where φ( 6= 0, pi) and β are auxiliary variables. Plugging (B.39) into (B.38) gives
~vn+1 = e
−2ασze−iφσ
xeβσ
y
~vn
with the matrix constraint
e−ασ
z
exp(−iφσxeβσy) + eασz exp(iφσxeβσy) = εσy + 2h coshα .
Explicitly this means
eβσ
y
=
2 coshα(cosφ− h)σy − ε
2 sinhα sinφ
ε2 = 4(cosh2 α (cosφ− h)2 + sinh2 α sin2 φ) .
The equation for ~vn can be readily solved
~vn = [e
−2ασze−iφσ
xeβσ
y
]n−1~u1 ≡ e−i(n−1)~θ·~σ~u1 .
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where the auxiliary vector ~θ is defined in such a way that eiφσ
xeβσ
y
e2ασ
z
= ei
~θ·~σ. Going
back to the original variables we find
~un =
n−1∑
j=0
ei(n−1−j)φσ
xeβσ
y
e−ij
~θ·~σ~u1 .
This can be solved by expanding ~u in the eigenstates of θˆ · ~σ
~un =
∑
±
ei(n−1)φσ
xeβσ
y − e−iφσxeβσy e∓inθ
I− e−iφσxeβσy e∓iθ
I± θˆ · ~σ
2
~u1
Using
I
I− e−iφσxeβσy e∓iθ =
1
2
e±iθ − eiφσxeβσy
cos θ − cosφ =
1
4
e±iθ − eiφσxeβσy
h cosh2 α− cosφ ,
we finally obtain
~un =
1
2
sinhασz
h cosh2 α− cosφ
[
e−inφσ
xe−βσ
y − (e−ασze−iφσxeβσy e−ασz)n
]
eασ
z
~u1 . (B.40)
The right boundary gives the constraint
e−i(L+1)φσ
xe−βσ
y − (e−ασze−iφσxeβσy e−ασz)L+1
h cosh2 α− cosφ e
ασz~u1(φ) = 0 , (B.41)
where we emphasized that ~u1 depends on φ. This results in the quantization rule
det
∣∣∣e−i(L+1)φσxe−βσy − (e−ασze−iφσxeβσy e−ασz)L+1
cosφ− h cosh2 α
∣∣∣ = 0 . (B.42)
Apart from the quantization conditions, which are more involved than in the TFIC or
in the quantum XY model with h = 0, the most worrisome complication is that ~u1
depends on φ in a nontrivial way. From the previous equations we see that ~u1(φ) is
(the only vector) in the kernel of the matrix appearing in (B.41). It is reasonable to
expect that the dependence on φ is sufficiently smooth to have a well-defined behavior
in the thermodynamic limit. However, the complexity of the problem discourages us
from trying to obtain the local conservation laws by “guessing” their representation in
terms of the occupation numbers, as instead we did in section 4 and in Appendix B.2.
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